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Abstract

This chapter surveys and compares Monte Carlo methods that have been proposed
for the computation of optimal portfolio policies. The candidate approaches include
the Monte Carlo Malliavin derivative (MCMD) method proposed by Detemple et al.
[Detemple, J.B., Garcia, R., Rindisbacher, M. (2003). A Monte-Carlo method for op-
timal portfolios. Journal of Finance 58, 401-446], the Monte Carlo covariation (MCC)
method of Cvitanic et al. [Cvitanic, J., Goukasian, L., Zapatero, F. (2003). Monte
Carlo computation of optimal portfolio in complete markets. Journal of Economic
Dynamics and Control 27, 971-986], the Monte Carlo regression (MCR) method of
Brandt et al. [Brandt, M.W.,, Goyal, A., Santa-Clara, P, Stroud, J.R. (2005). A sim-
ulation approach to dynamic portfolio choice with an application to learning about
return predictability. Review of Financial Studies 18, 831-873] and Monte Carlo finite
difference (MCFD) methods. The asymptotic properties of the various portfolio esti-
mators obtained are described. A numerical illustration of the convergence behavior
of these estimators is provided in the context of a dynamic portfolio choice problem
with exact solution. MCMD is shown to dominate other approaches.

1 Introduction

The optimal allocation of wealth among various assets is an important issue
that has been of long-standing interest both for academics and practitioners.
The workhorse models in the field, have been, for almost 50 years, based on the
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mean-variance analysis developed by Markowitz (1952). This simple frame-
work brought to light the fundamental notion of a mean—variance trade-off
associated with the choice of different securities or portfolios. This popular
notion and the associated portfolio rules remain, to this day, at the core of de-
cisions taken and practical recommendations formulated by investment firms
and financial advisors.

Yet, mean—variance portfolio rules have been known to be flawed for over
3 decades. In a seminal contribution, Merton (1971) identified the main prob-
lem, their failure to account for stochastic shifts in the investment opportunity
set (i.e. in means and variances).! While of little consequence for very short
term investors, this failure proves important for economic units with long hori-
zons. Indeed, only a very particular class of long term investors, namely those
with unit relative risk aversion (logarithmic utility), will find it optimal to be-
have as short term mean—variance optimizers. Generic long term investors fol-
low amended portfolio rules that include intertemporal hedging terms, in addi-
tion to mean—variance components. The benefit of those hedging terms is intu-
itively clear: in a stochastically changing environment it pays to take intertem-
poral links into account and hedge against variations in means and variances.

Numerical methods for computing these hedging terms and the associated
optimal portfolios have notably lagged behind. Much of the earlier literature
has indeed searched for closed form solutions in the context of simple para-
metric models, with limited assets and state variables and simple dynamics.
The earliest attempt to numerically solve a nontrivial portfolio choice problem
can perhaps be attributed to Brennan et al. (1997), who examine a model with
3 assets and 4 state variables. Their approach uses numerical methods for par-
tial differential equations (PDEs) and is based on the dynamic programming
characterization of the optimal solution developed by Merton. Their study re-
veals the importance of the dynamic portfolio choice problem and highlights
some of the difficulties that need to be overcome.

Rapid developments have followed. Simulation methods were first proposed
by Detemple et al. (2003), who exploit a portfolio formula based on Mallia-
vin calculus derived by Ocone and Karatzas (1991) for Itd price processes.
Their basic method, labeled Monte Carlo Malliavin derivative (MCMD), in-
volves the simulation of state variables and Malliavin derivatives to com-
pute the expectations arising in the portfolio components. A variation of the
method applies a change of variables (a Doss transformation) and simulates
the transformed variables and their Malliavin derivatives to compute the rel-
evant expressions. This Monte Carlo Malliavin derivative method with Doss
transformation (MCMD-Doss) is proposed and studied in Detemple et al.
(2003, 2005a, 2005¢). An alternative, suggested by Cvitanic et al. (2003), uses
an approximation of the optimal portfolio rule, based on the covariation be-
tween wealth and the underlying Brownian motions, as the basis for Monte

I'See also Breeden (1979).
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Carlo simulation. This simple approach, called the Monte Carlo covariation
(MCC) method, is easy to implement as it only involves the simulation of
the primitive state variables. Another approximation, that combines dynamic
programming with regressions and simulations, is advocated by Brandt et al.
(2005). It relies on an approximation of the optimality conditions for the port-
folio and uses a regression-simulation method to evaluate conditional expec-
tations in the coefficients of the approximate portfolio conditions. This Monte
Carlo regression (MCR) scheme is reminiscent of the regression method de-
veloped by Longstaff and Schwartz (2001) for American options’ valuation.
Monte Carlo finite difference (MCFD) methods complete the list of simulation
approaches that have been proposed to date for optimal portfolio calculations.
This approach exploits the link between Malliavin derivatives and tangent
processes (loosely speaking derivatives with respect to initial conditions) and
evaluates the relevant derivatives using finite differences. MCFD approaches
are described in Detemple et al. (2005d) and evaluated along with MCMD and
MCC in the context of risk management problems.

This chapter surveys the recent literature on simulation methods for optimal
portfolios. The various methods, informally described above, are presented in
details and discussed. A numerical study is performed to evaluate their relative
performances. MCMD is shown to dominate other candidate approaches.

Section 2 outlines the consumption-portfolio choice problem in a set-
ting with complete markets and von Neumann-Morgenstern preferences and
presents several representations formulas for its solution. Simulation meth-
ods for optimal portfolio calculations are reviewed in Section 3. Asymptotic
properties of portfolio estimators are examined in Section 4 and a numerical
study of the convergence behavior of the various methods is conducted in Sec-
tion 5. Concluding remarks and avenues for future work are outlined in the
last section. Appendix A presents elementary rules of Malliavin calculus that
are needed to derive formulas underlying some of the methods. Proofs are
collected in Appendix B.

2 The consumption-portfolio choice problem

We formulate a continuous time consumption-portfolio choice model in
the tradition of Merton (1971). A finitely-lived investor operates in a friction-
less economy in which asset prices and state variables follow a joint diffusion
process. The investor’s planning horizon is [0, T7].

2.1 The financial market

The financial market has d risky assets (stocks) and 1 locally riskless

dSic = Si[(wi(t, Yo) — 8i(1, Y1) dt + oy(2, Y1) dW;]; - Sy given,
.1
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where u; represents the return’s drift, §; the dividend yield and Ulf the 1 x d
vector of volatility coefficients. The coefficients of (2.1) depend on a k£ x 1
vector of state variables Y = (Y7, ..., Yi)'. The interest rate on the riskless
asset, (¢, Yy), also depends on the state variables. To simplify notation we will
write u, for the d x 1 vector of expected risky asset returns at date ¢, §; for the
d x 1 vector of dividend yields, o; for the d x d matrix of return volatilities
and r; for the interest rate. We assume that o is invertible at all times (i.e. the
market is complete).

The price system (2.1) induces a unique d-dimensional vector of market
prices of risk 6; = (6y;,..., 04) defined by 6, = at_l(/ut — rl,;) where
1, = (1,...,1) is the d-dimensional vector of ones. The market prices of
risk represent the premia implicitly assigned by the financial market to the
sources of uncertainty (the Brownian motions) affecting the economy. The
state price density (SPD), &, = exp(— [ (rs + 16,0,) ds — [ 0, dW), is the
stochastic discount factor that matters to find the value at date 0 of cash
flows received at v > 0. The relative state price density (RSPD), &, =
exp(— ftv(rs + %0; 65)ds — [ tv 0, dWs) = &,/&;, is the stochastic discount factor
that matters to find the value at date ¢ of cash flows received at v > ¢.

2.2 State variables

The state variables Y = (Y7, ..., Y}) affect the coefficients of asset returns
and the riskfree rate (i.e. the opportunity set). The list of state variables can
include the market prices of risk and the interest rate (e.g. Y1 =rand Y; = 6;,
j=2,...,d+1). Additional variables that could be relevant include dividend-
price ratios, measures of firm sizes and measures of sales or revenues. State
variables are assumed to evolve according to

dY, = u¥(t, V) dt + 0¥ (2, Y;) dW;; Y given, (2.2)

where uY (¢, Y;) is the k x 1 vector of drift coefficients and o (¢, Y;)isa k x d
matrix of volatility coefficients.

2.3 Consumption, portfolios and wealth

The investor under consideration consumes and allocates his/her wealth
among the different assets available. Let X; be wealth at date ¢. Consumption
is ¢, and mr; is the d x 1 vector of wealth proportions invested in the risky assets
(thus 1 — 71, is the proportion invested in the riskless asset). The evolution
of wealth is governed by the stochastic differential equation

dX; = (Xir, — ;) dt + Xym)[ (e — rilg) dt + o dW] (2.3)

subject to the initial condition Xy = x.
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2.4  Preferences

Preferences are assumed to have the time-separable von Neumann—Morgen-
stern representation. A consumption-terminal wealth plan (¢, X7) is ranked
according to the criterion

T

E|:/ u(cy, v)dv+ U(Xr, T):| (2.4)
0

where the utility functions u:[dy, 00) x [0,T] — R and U:[dy, 0) — R
are strictly increasing, strictly concave and differentiable over their respec-
tive domains. We also assume that the limiting conditions lim._, 4, u'(c,t) =
limy_, 4, U'(X,T) = oo and lim¢_, o t/'(c, t) = limy_, o, U'(X, T) = 0 hold
for all ¢ € [0, T]. If domains include R4 x [0, T] (i.e. d1, dy < 0) no further
restrictions are imposed. If [d1, co) is a proper subset of R, (i.e. di > 0) we ex-
tend the function u to R4 x [0, T'] by setting u(c, t) = —oo for ¢ € Ry \[d}, 00)
and for all ¢ € [0, T]. We proceed in the same manner to extend U if [d>, 00)
is a proper subset of R ..
This class of utility functions includes the HARA specification

u(e, t) = (c+ DR,

1-R
where R > 0. If A is positive the utility function u(c, t) is defined over the do-
main [d, 00) = [— A, oo) and satisfies all the required conditions. If A < 0 the
function has the required properties over the subset [d1, c0) = [— A, c0)C R,.
The function is then extended by setting u(c, ) = —oo for ¢ < d;. This particu-
lar HARA specification corresponds to a model with subsistence consumption
—A.

Under these assumptions the respective inverses [ : Ry x [0, T] — [d1, 00)
and J: Ry — [dy, o0) of the marginal utility functions u/(c, t) and U’ (X, T)
exist and are unique. They are also strictly decreasing with limiting val-
ues limy_oI(y,t) = limy_oJ(y,T) = oo and limy . I(y,t) = dj,
limy 0o J(y, T) = d>.

2.5 The dynamic consumption-portfolio choice problem

The investor seeks to maximize expected utility

T

maxE[/ u(cy, v)dv+ U(X7, T):| (2.5)

(c,m)
0

subject to the following constraints

dXt = (r,Xt — Ct) dt +Xt7T;[([.Lt — rzld) dt+ Ot dI’V[], X() =X,
(2.6)
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¢ =0, Xr=>20 (2.7)

for all ¢ € [0, T]. The first constraint, (2.6), describes the evolution of wealth
given a consumption-portfolio policy (c, 7). The next one (2.7) captures the
physical restriction that consumption and bequest cannot become negative.
This constraint ensures that wealth, that is the present value of future con-
sumption, cannot become negative.

2.6 Optimal consumption, portfolio and wealth

Standard results of Pliska (1986), Karatzas et al. (1987) and Cox and Huang
(1989) (see Karatzas and Shreve, 1998) can be invoked to show that the optimal
consumption policy is

¢f =1(y*&, 't =max{I(y*&, 1), 0}, (2.8)
AXv)']i :J(y*fT, 71)+ :maX{J(y*gTa T),O} (29)

where the constant y* is the unique solution of the static budget constraint
T
E[/ &l (yEp, ) dv + 7T (yéT, T)*} =x (2.10)
0

with x > max{E[ [, &,d; dv + £7da], 0).
The resulting wealth process is the present value of optimal future consump-
tion and is therefore given by

T
Xi= E{/ Enl (Y €y, )T dv+ & 7T (v ET, TW} = E/(F; 1]
! (2.11)

for t € [0, T], where Fr 7 = [ &, (y* &y, )t dv + & 7J(y*ér, T)F. The
associated optimal portfolio can be expressed as

Ximl=X; (o) 0+ & (o)) b, (2.12)

where ¢ is the predictable process in the representation of the martingale
M, = E/[F] — E[F| with F = Fy 7 = [ &cidt + &7 X5

2.7 The optimal portfolio: an explicit formula

To find a more explicit expression for the optimal portfolio it remains to
identify the process ¢ in (2.12). The Clark—Ocone formula (see Appendix A)
becomes instrumental for that purpose: it identifies the integrand in the repre-
sentation of the martingale M and enables us to express the optimal portfolio
in terms of the parameters of the model (i.e. the structure of F). Ocone and
Karatzas (1991) establish this portfolio formula for general models with It6
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price processes. The specialization to diffusions can be found in Detemple et
al. (2003).

Applying the Clark—Ocone formula and using the rules of Malliavin calculus
shows that

¢r = E(DF]
where
T
D/F = Et[/zl (V* &, V)Di &y dv + Zr(y* €T, T)thTj| (2.13)
t
with
Zi(y*Ep, v) = 1(y* &, V)T + Y &I (Y v, VL1 (pr¢y,0)0)
=c) <1 — Riu(clj, v)), (2.14)
Zy(y*ér, T) =T ér, D) + y*erd (v ér, T)1y(yrer,7)>0)
- X3 (1 - m> (2.15)

In these expressions I’ (y*&,, v), J'(y*ér, T) are the derivatives with respect to
the first argument y*¢ of the inverse marginal utility functions and R, (x, v) =
—Uee(x,V)x/uc(x,v), Ru(x, T) = —Uxx(x, T)x/Ux(x, T) are relative risk
aversion coefficients.

From the definition of the stochastic discount factor ¢ in Section 2.1 we
obtain

v v
Diéy = _§v</(Dtrs + ngtes) ds + / dVVS/ - D65 + 0;)
t t
The chain rule of Malliavin calculus then gives D,&, = —&,(H ;,v + 6;) with
v v
H;, = /(ar(s, Yy) + 6,90(s, Yy))D, Yyds + / dW, - 96(s, Ys)D; Y,
t

t

(2.16)
and where D, Y satisfies the stochastic differential equation
d .
dD,Y, = |:z9,uY(s, Yo ds+ > da) (s, Y) dWs]:|D,YS;
j=1
DY, = oV (1, Y)). (2.17)

In this expression the notation Jf (Y') stands for the p x k-dimensional Jacobian
matrix of a p-dimensional vector function f with respect to the k-dimensional
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vector Y. Substituting (2.13)—-(2.17) back in (2.12), collecting terms and sim-
plifying leads to our explicit portfolio formula (for details see the proof of
Proposition 1 in Appendix B). Our next proposition summarizes the results

Proposition 1. Consider the dynamic consumption-portfolio problem (2.6)-
(2.7). The optimal consumption policy is
a=I10"6 v, Xr=Joér, D (2.18)

The optimal portfolio policy has the decomposition X{w} = X[ [w{,+ m;, ] where
], is the mean—variance demand and 73, the intertemporal hedging demand. The
two components are

X;at, = —ED, 11(a)) " 6, (2.19)
Xims, = —(o) 'EAG, 11, (2.20)

where

T
D7 = /§t,u(y*§u)1'(y*§v,v)1{1<y*§v,u)>0} dv
t

+ &7V EDT (Y Er, D1y, 1)20)5 (2.21)
T

Gur = / EnZy (Y by H oy dv + £7 20 6, DHr  (222)
t

and where Z1(y*&y, v) and Zy(y*ér, T) are given in (2.14)—(2.15), the random
variable H; , is defined in (2.16) and the Malliavin derivative of the state variables,
D:Y, satisfies the stochastic differential equation (2.17). The multiplier y* solves
the nonlinear equation (2.10). Optimal wealth is X} = E,[F; T].

The portfolio decomposition described in this proposition reflects two in-
vestment motives. The first one, which underlies the mean—variance demand
71, is driven by the trade-off between risk and return embedded in asset re-
turns. This motive, originally identified by Markowitz (1952), has played an
important role in portfolio theory and remains at the core of practical im-
plementations. The second one, underlying the demand component , is a
hedging motive prompted by stochastic fluctuations in the opportunity set. This
intertemporal motive, identified by Merton (1971), is a fundamental aspect of
optimal dynamic portfolio policies whose implementation has become a focus
of current practice.

For later developments we record the special case of constant relative risk
aversion in the following corollary:

Corollary 1. Suppose that the investor exhibits constant relative risk aversion R
and has subjective discount factor n; = exp(—PBt) where B is a constant rate.
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The optimal consumption policy is given by c; = (y*&y/ 1) YR and X T =
(y*ér/mr) VR, The optimal portfolio is X m = Ximy, + 75,1 where

* % X? n—1
Xt 7Tlt = 7(0}) 9;, (223)
VRH, o d H.r
* % * N—1 t[ft ftvn t,v v+§tTntT
Ximy, =—-X/p(oy) TR iR, (2.24)
B[ & dv+ &, 7]

with p =1—1/R and H,; defined in (2.16).

For general model structures the conditional expectations appearing in the
formulas of Proposition 1 and Corollary 1 cannot be calculated in more explicit
form. Numerical methods must then be used in order to implement the optimal
portfolio policies. The complexity inherent in the random variables &; ,, H; ,
appearing in the expressions obtained, and in particular their path-dependent
nature, naturally suggests the use of Monte Carlo simulation for computation
purposes.

2.8 Malliavin derivative representation and dynamic programming

The classic approach to the consumption-portfolio choice problem in a
Markovian setting was pioneered by Merton (1971) and is based on dy-
namic programming principles. Let V' (¢, X*, Y) be the value function as-
sociated with the problem. The optimal consumption and terminal wealth
policies and the optimal portfolio are expressed in terms of the derivatives
Vi, Vi, Vys Vix, Vay, Vyy of the value function as

¢ =1(Ve(t, X5, Y0, 0", X5 =J(Vu(T, X5, Y1), T)",  (225)
I/x(ta X;k7 Yl‘)
- xx(t, X;ky Yt)

+ (o6, YY) oV (1, Vi)

Ximf = (o, Yt 0, Vo)

Vyx(t: Xz*a Yt)

_— 2.26
_Vxx(taX;kaYl) ( )

The value function solves the partial differential equation (PDE)
1 Y/ YV
Etrace{Vyya- (")}

1
= SVaxlly'I? =0, (2.27)

u(l Ve, 5, 1) = Vil Ve, DY + Vi + Vi +

where ¢ = Vx 6+(0-Y)/ = sub]ect to the boundary conditions V (T, x, y) =

U(x,T) and V(t, 0,y) = ft u(O, s$)ds+ U, T).
Our next result draws the link between Merton’s solution and the proba-
bilistic representation obtained in Proposition 1.
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Proposition 2. The state price density is proportional to the wealth derivative of
the value function
Vx(t, X?? YZ)

&=Vt X[ Y, ="
y gt x( s> At t)7 or gl I/X(O,X*, YO)

(2.28)

ensuring that the optimal consumption and terminal wealth policies in (2.18)
and (2.25) are identical. The scaling factors in the mean—variance and hedging
demands (2.19)—(2.20) are given by

Vx(t: X;‘k, Yt)
_Vxx(t’ X;k, Yl‘) ’

ny(ts X;ky Yl)
_Vxx(t, X;‘k, Yt).

—E/(D, 1] = (2.29)

—E/[Gyr] = o (1, Y}) (2.30)

Formulas (2.18)—(2.22) are alternative representations of the solution as expressed
in (2.25)—(2.27).

Proposition 2 shows that our previous expressions for the optimal policies,
(2.18)—(2.22), are probabilistic representations of the formulas derived by Mer-
ton. These representation are in the spirit of Feynman—Kac as they express the
elements of the HJB equation in terms of conditional expectations of random
variables. Note, in particular, that —E;[D; 7] in (2.29) is simply the probabilis-
tic representation of the coefficient of “absolute risk tolerance” of the indirect
utility function 1 (the value function).?

The results in Proposition 2 shed light on the relation between the value
function and the fundamentals of the model, namely preferences and the state
price density. For instance, it is well known that the hedging motive vanishes
(at all times and in all states) if and only if the vector of cross partial derivatives
of the value function, VY, is identically equal to zero. The Malliavin derivative
representation in (2.30) and Equation (2.22) show that this condition is sat-
isfied if and only if the processes (r, 6) are deterministic and/or the investor
displays myopic behavior (R, = Ry = 1).

2.9  Malliavin derivative and tangent process

For interpretation and computational purposes it is also instructive to
rewrite the portfolio policy in terms of the derivative of the state variables
with respect to their initial values. This derivative, called the tangent process
(or first variation process), is described in Appendix A (see Section A.8).

The tangent process of Y, denoted by V, Y = {V, ,Yy: v € [¢, T1}, captures
the change in the future values of Y following an incremental perturbation of

2 The coefficient of absolute risk aversion A(x) of a utility function u is A(x) = R(x)/x where R(x) =
—u”(x)x/u (x) is relative risk aversion. Absolute risk tolerance is 1/ A(x).
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the position Y, = y at time ¢. In particular, forv > ¢, V, va is the variation in
Y, due to the initial perturbation. The tangent process is easy to characterize
when Y solves an SDE. In fact, one can verify that V; , Y solves the SDE

d
d(vt,va) = (dﬂy(v, Yy) dv + Z&O'jy(v, Yy) de]>vt,va§
j=1
ViyY: = Iy, (2.31)

where Ij is the k-dimensional identity matrix. A comparison of (2.31) with
(2.17) shows that the equation for the tangent process differs from the one for
the Malliavin derivative only through the initial condition (V, ,Y; = I} versus
DY, = o¥(t, Y;)). It follows immediately that the relationship

DY, = V., Yool (¢, Yy) (2.32)

holds. The tangent process can be viewed as a normalized version of the Malli-
avin derivative. Conversely, the Malliavin derivative is a linear transformation
of the tangent process.

Relationship (2.32) between the two notions enables us to rewrite the hedg-
ing term (2.20) in the form

Ximt = —(o1(t, Y) " oY (6, Y B[Grr(P)] (2.33)
where
G (@) = / E00Z1 (5 E0, 0Dy v+ &1 Z2(y 67, T) D7 (234)
and
v
@), = / (9r(s, Ys) + 6,06(s, Y5)) Vs, Yy ds
t
v
—l—/dI/Vs,-&Q(S, Ys)ViyYs. (2.35)
t
To derive this representation we used H; , = @, o Y(t,Y,). For computatlons

it is also useful to note that &, , = —V, Ly log(f, v): the functional @, , is the
variation of —log(¢;,,) for a perturbatlon in the position of the state variables
Y; = y at time ¢. Finally, one can write the general representation

Xiat, =—(o1(t, Y)Y (6, Y B[ (ViyFir) ] (2.36)
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where the functional F; r is as defined in (2.11) and (VyF; 1) = G 1(P).
A comparison of (2.33) with (2.30) also shows that

T
I/xy(t,Xt*, Yl‘)
_Vxx(t,X;k,Yt) t /gt,v l(y gy,U) t,o dV

+ &1 2o (y e, T)df’z,T}. (2.37)

This relation captures the intuitive notion that the hedging coefficient is related
to the impact of a perturbation in the state variables at date ¢ on the optimal
wealth. This effect is precisely the expectation on the right-hand side of (2.37).

3 Simulation methods for portfolio computation

This section reviews various Monte Carlo methods that have been proposed
for the computation of asset allocation rules.

3.1 Monte Carlo Malliavin derivatives (Detemple et al., 2003)

This simulation approach, developed by Detemple et al. (2003), is directly
based on the formulas described in Section 2.7. Suppose that we are in the
general context of Proposition 1 where the multiplier y* for the static budget
constraint cannot be solved explicitly from (2.10). Consider first the case where
y* has already been calculated by solving (2.10) numerically. In that case the
method proceeds by rewriting the hedging demand in Proposition 1 as

Xims = — (o) 'EdGy 7] (3.1)

where G, r = G;T + G;(,T’ with

s
Gf,sszt,vzl(y*gv, U)Ht,vdl) and
t

G;C,T =& 122y ér, T)H, 1. (3.2)

To calculate X775, write the random variables in the hedges in the form of a
joint system V¢ = (Y, vec(D;Ys)', Ky s, Hy 5, (Gf 5)'), where vec(-) denotes
the operator stacking the columns of a matrix one below the other, and where

v v
1
Kt,v5/<rs+§0g65> dS+/6;dI/VS,
t t
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v v
o = fﬁr(s, YD, Y ds+/9;(99(s, Y)D,Y,ds

t t

v
+ / dW, - 96(s, Y5)D;Ys
t

and &;, = exp(—K;,»). An application of It0’s lemma shows that
1
th,S = (I’S + EO;&;) ds + 9; dW;, (33)

dH] = dr(s, Y)D, Y ds + (dW; + (s, Yy) ds) 96(s, Ys)D, Yy, (3.4)
dGis = gZ,SZl (y*§S7 s)Ht,S ds’ (35)

where (Yy, D;Y;) satisfy (2.2), (2.17). Initial conditions are H;; = 0,
Gf,t = 04, where 0, denotes the d-dimensional null vector, and K; ; = 0.

Next, simulate M trajectories of V' using (3.3)—(3.5), (2.2) and (2.17). To
do this select a discretization scheme, such as the Euler scheme, the Mil-
shtein scheme or any other higher order procedure and let N be the number
of discretization points of the time interval [0, 7] chosen. This simulation
produces M estimates {th,\sf’l: s et,Tl},i = 1,..., M, of the trajectories
{Vi,s: s € [t, T]}. Given that y* is already known (through prior computation)
the terminal values of the simulated processes can be used to construct M esti-
mates of the random variables G, 7. Averaging over these M values yields the
estimate

ﬁ _ _(U/)—li % GN,i
2 t M = t, T
of the hedging demand.?

Suppose now that the multiplier y* is unknown. In this case a two-stage
simulation procedure can be employed to calculate the hedging demands. The
first stage mixes iteration and simulation to calculate y*. Fix a candidate mul-
tiplier y. Based on this choice simulate (K s, F(i ) Where

S
Fo = [ @106t
0

in order to estimate the cost of consumption (the left-hand side of (2.10)).
If the value obtained exceeds resources (initial wealth x) raise the candidate y

3 The computation of the mean—variance component X 7}, is carried out along the same lines. The
evaluation of this demand component is straightforward due to the simple structure of the term
E[Dy,7].
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and repeat the calculation. In the opposite case reduce the candidate y. Repeat
until the difference falls below some preselected threshold. The second stage
parallels the procedure outlined above for the case of a known y*.

Various procedures can be employed to accelerate the iterative search in
stage 1. Schemes available include the Newton—Raphson procedure, the brack-
eting method, the bisection method, the secant method, the false position
method, Ridder’s method and the method of van Wijngaarden-Dekker—Brent
(see Press et al., 1992 for details).

3.2 The Doss transformation (Detemple et al., 2003, 2005a)

The computation of the Malliavin derivatives in the portfolio formula can
also be performed using a change of variables, commonly called a “Doss
transformation.” This change of variables, examined in Detemple et al. (2003,
2005a), leads to a characterization of Malliavin derivatives involving the solu-
tion of an ordinary differential equation (ODE). To simplify matters we assume
k = d (for more general cases see Detemple et al., 2005a).

Consider now a multivariate diffusion satisfying the restrictions

Condition 1. The coefficients of the diffusion (2.2) have the following properties:
L. Differentiability: n* € C(10, T1 x RY), 0} € C([0, T] x RY),

2. Boundedness: uY (t,0) and (er(t, 0) are bounded for all t € [0, T, and

3. Invertibility:
(a) ﬂzajy (rl.Y = &yfiy O'jY (i.e. the vector field generated by the columns of

o is abelian),
(b) rank(o) =d, a.e.

Under the provisions of Condition 1 there exists an invertible function
I':[0, T] x R? i R? solving the total differential equation
Hl(t,2) =o(t, (1, 2)); ['(t,00=0 forallte]l0,T] (3.6)

and a d-dimensional process Z satisfying

dZy = A(v, Zy)dv+dW,;  T(0, Zy) = Yy (3.7)
where
A(t,z) = o(t, T, z))_l
L d
X [Mr, V) =5 2 dvay (4o, y)}
j=1 ly=I'(¢,2)
—ail(t, 2), (3.8)
such that

DY, =o(v,I'(v, Z,))D;Z, forallv>1t, (3.9)
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D Zy = AW, Z)DiZydv;  limDiZy = Ig. (3.10)
v—>

This final expression (3.9)—(3.10) for the Malliavin derivative D;Y,, does not
involve stochastic integrals. An Euler approximation based on (3.6)—(3.10) will
therefore converge faster (see Detemple et al., 2005a, 2005c¢).

Property 3(a) of Condition 1 is always satisfied for univariate diffusions. For
multivariate diffusions, it represents a commutativity condition. It is, in fact,
the same commutativity condition that is needed to implement the Milshtein
scheme in the case of multivariate diffusions, without resorting to further sub-
discretizations of the time interval (see Detemple et al., 2005¢ for details).

The MCMD-Doss estimator for the optimal portfolio, is obtained by using
(3.6)—(3.10) to calculate the components of the portfolio policy.

3.3 Monte Carlo covariation (Cvitanic et al., 2003)

Another simulation-based approach, proposed by Cvitanic et al. (2003), is
based on an approximation of the volatility coefficient of the optimal wealth
process. The optimal portfolio, being a linear transformation of the volatility
of the wealth process, can be estimated from this approximation.

The limits

1
Xt oy = }llmo EE;[FH;Z,T(I’VHh - W], (3.11)
. 1 (I’Vz+h - VVt)/
Xia* o, = lim —~E,| F, p—th — 70 3.12
e hl—>mOh t|: LT Eri+h ( )
1
Xt o, = X0, + lim ZEt[Ft,T(WHh - W] (3.13)

with F; 7 as defined in (2.11), can serve as foundations for the approach (see
Appendix B for derivations). Approximations of the optimal portfolio are ob-
tained by fixing a discretization / and setting

1 /
Ximton = SB[ FrontWien = W) (3.14)
1 Wi — W)
Xim oy —EI[F,,TM], (3.15)
h §t,t+h
1
X;“w;k/oy ZX;kO;‘i‘ EEI[Fth(mJ"h — I/I/[)/] (316)

The conditional expectations on the right-hand sides of (3.14), (3.15) and
(3.16) are then computed by simulation of the relevant processes and averaging
over independent replications. The procedure originally developed by CGZ re-
lies on (3.14) or (3.15). It is based on models with constant relative risk aversion
and either terminal wealth [estimator (3.15)] or intermediate consumption [es-
timator (3.14)], but not both. These are subcases of the setting in Corollary 1
for which the multiplier can be eliminated, resulting in (2.24). Formula (3.16)
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is an alternative approximation that isolates the volatility of discounted wealth
related to the volatility of the state price density. Implementation of these ap-
proximations for general preferences requires a preliminary stage to compute
y*‘4

The procedure is easy to implement, as it does not require the simulation
of auxiliary processes such as Malliavin derivatives. Nevertheless, it is based
on an approximation (as 4 is fixed) of the optimal policy, and this will affect
the convergence properties of the method. We refer to this method as MCC
(Monte Carlo covariation). MCC estimators based on (3.14), (3.15) or (3.16)
are numerically different. This difference only disappears in the limit as 4 van-
ishes.

3.4 Monte Carlo finite difference (MCFD)

The Monte Carlo finite difference (MCFD) method computes the hedg-
ing terms based on a version of the formulas (2.33)—(2.35) involving tangent
processes. In essence the method calculates a tangent process by simulating
the underlying process using perturbed initial values and then taking a finite
difference approximation of the relevant derivative. This computation can be
performed path-by-path. Conditional expectations involving tangent processes
can then be calculated by averaging the random variables of interest over all
the trajectories.’

Three versions of the formula involving tangent processes can serve as start-
ing points for implementation. The first one consists of Equations (2.33)—(2.35)
where &, , is expressed in terms of the tangent process VY of the state vari-
ables. The second version consists of Equations (2.33)-(2.34) where &;, =
—V:,ylog(&;,y) is expressed in terms of the variation of the log-RSPD. The last
one is the general representation (2.36) based on the variation V; ,F; 7 of the
functional F; 7.

Finite difference approximations of the relevant tangent processes are

o 1
VtT,]Yj 'Yy, = T_j(YU(YI +a;Tje;) — YU(Yf - (1= aj)Tjej))’

'Tj,aj
)

’Tj',

@Y = —vt,yj“-" log(&1,4(Y)) =

1
7j

—log(&,7(Y: — (1 — aj)7je;))),

(lOg(ft,T(Yt + Olj’Tjej'))

4 Models with constant relative risk averse utility functions, but different risk aversion coefficients for
the utility of terminal wealth and the utility of intermediate consumption, fall outside the scope of
Corollary 1. For those settings a preliminary stage is also needed to compute the budget constraint
multiplier y*.

5 Finite difference methods have been used extensively to solve PDEs or ODEs in applications such
as option pricing and asset allocation. The interest of combining these methods with Monte Carlo
simulation, to handle certain financial applications, has only been noted recently.
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1
(F,7(Y: + ajtjej) — Frr(Ye — (1 — aj)7je))),

T,
vlsyj Ft’T = _
Tj

where @j € [0,1], 7; > 0,and ¢; = [0, ...,0,1,0,..., 0] is the jth unit vector.
Different choices of a; result in different types of finite difference approxima-
tions. The selection a; = 1 corresponds to a single forward difference, a; = 0
to a single backward difference and a; = 1/2 to a central difference approxi-

mation of the tangent process of interest.
To simplify notation we write V; ’ya Yy, @1, Vi ’yaF,,T for the vectors of tan-

gent processes, where 7 = (71, ..., 7)) and @ = (aq,...,ar). As T — 0 the
limits

VZ’yaYv —> Vl‘,vay

45’?5‘ = —VZ’; log(fz,v(Y)) — Dy =V, log(éz,v(Y)),

T,
ViyFer = ViyFir

hold (P-a.s.). Under regularity conditions permitting the exchange of limits and
conditional expectations we can write

X/, = —(ou(t, Yt)/)ila'y(l‘, Y)'E |G (P)]
with

E[Go.r(®)] = lim E[G,.7(9]7)] (3.17)
or

Et[Gt,T((p)] = Et[vt,yF[,T] = }_i_I)I%)Et[vZ’;)IFI,T]- (318)

Writing @;,U(Vt,y Y,) for the left-hand side of (2.35) to emphasize the depen-
dence on the tangent process V;,, Y, we also have

(Dt,v = lim @t’v(V;’;Yv)
70 ’
P-a.s., leading to
E[Ger(@®)] = lim E[Go,r(®1,(V]5Y0))] (3.19)

Finite difference approximations of the hedging term are obtained by fixing =
and approximating the conditional expectation E;[G; 7(®P)] by

Ez[Gt’T(¢)] ~ Et[Gt’T(@[,v(vz’;‘YU))], (320)
E[G1(®)] = E[G1(P7))], (3:21)
Et[Gt,T((p)] ~ Et[vt?yaFt,T]- (322)

The difference between these approximations is that (3.20) calculates explicitly
the derivative of the inverse marginal utilities, the interest rate and the market
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price of risk and approximates the tangent process of the state variables by a
finite difference, (3.21) calculates explicitly the derivative of the inverse mar-
ginal utilities and approximates the tangent process of the logarithmic state
price density by a finite difference, while (3.22) approximates the whole func-
tional in the conditional expectation, including the marginal utilities, by a finite
difference.

The numerical implementation of MCFD estimators, such as (3.20)-(3.22),
is similar to the implementation of MCMD estimators. The procedure esti-
mates conditional expectations by first simulating M replications of the ran-
dom variable within the expectation and then averaging over these replications.
In most parametric examples the conditional distribution of the random vari-
able of interest is unknown. A numerical discretization scheme, such as the
Euler or the Milshtein schemes, based on N discretization points can never-
theless be used to obtain a convergent approximation. The MCFD estimator
is then calculated by averaging independent replications of these simulated
random variables. The choice of «; gives different types of finite difference
approximations. The estimator obtained from forward differences (a; = 1)
is the MCFFD estimator, the estimator obtained from backward differences
(aj = 0) is the MCBFD estimator, and the estimator based on central dif-
ferences (aj = 1/2) the MCCFD estimator. As in the case of deterministic
finite difference methods (i.e. finite difference methods for ODEs or PDEs)
the computational cost is greater for MCCFD than for MCFFD or MCBFD
estimators. This stems from the need to simulate two auxiliary processes with
forward and backward perturbed initial values for MCCFD estimators. In con-
trast, MCFFD and MCBFD estimators only require the simulation of one
auxiliary process with either forward, or backward perturbed initial value.
A subsequent section will show the effect on the convergence properties of
the methods.

Like MCC estimators, MCFD estimators are based on approximations of
the conditional expectation in the hedging terms. Note, in particular, that
MCEFD estimators can be viewed as approximate MCMD estimators where the
tangent process and therefore the Malliavin derivative has been approximated
by a finite difference. The quality of the approximation will therefore depend
on the additional convergence parameter 7. This additional structure will also
affect the asymptotic error distribution of an MCFD estimator.

The finite difference methods described above are used to compute port-
folio hedging components that depend on tangent processes. Although the
mean-variance portfolio component also takes the form of an expectation, it
does not involve Malliavin derivatives or tangent processes. It can therefore be
calculated in a standard manner by simulating the underlying processes (using
some suitable discretization scheme) and computing the relevant expectation
using an average over independent replications.
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3.5 Monte Carlo regression (Brandt et al., 2005)

The last method surveyed is an approximation method developed to solve
discrete time portfolio choice problems. This approach, proposed by Brandt et
al. (2005), is based on the standard recursive dynamic programming algorithm.
It combines Monte Carlo simulation with a Taylor series approximation of the
value function and a regression-based computation of conditional expectations
in order to calculate approximate “optimal” policies. The methodology applies
to large-scale problems with path-dependent and nonstationary dynamics as
well as arbitrary utility functions. We summarize the main steps in the context
of a pure portfolio problem (without intermediate utility).

The procedure is recursive in nature. It is based on the (discrete time) Bell-
man equation for the value function V' of the dynamic portfolio problem,

Vi(Xe, Zy) = H}T?XEt[Verl(Xt( ™R+ Rf), Zi41)], (3.23)

where X, is the endogenous wealth at time ¢, Z;, is a vector of exogenous state
variables at ¢, R} 1 the vector of risky assets’ excess returns from ¢ to ¢ + 1,
R7 the return on the risk-free asset and 7, is the portfolio. To keep matters
simple we follow Brandt et al. (2005) and assume a constant interest rate R’.

The first-order conditions (FOC) for the portfolio choice problem are
E/[01Vie1 (Xo(m/ RS, + RY), Ziy1)RE,,] =0, (3.24)

where d1V;,1 is the derivative of the value function with respect to future
wealth.
There are three steps which are as follows:

Step 1: Simplify the initial problem (3.23) by expanding the value function
in a Taylor series around X /R’ the value at ¢ + 1 of current wealth.
To account for skewness and kurtosis effects Brandt et al. (2005)
propose the fourth-order expansion®

Vza(Xt, Zy) = H}TaXEz[Vt_H (XtRf Zz+1)]
VROV (XGRS, Zer)(XimRE, )]

1
IRV (GRS, Zir) (KR 1))

1

+ B[V (KR!, Zi) (XemRE, )]
1

+ SB[V (XGR, Zi) (X RE, )]

6 Brandt et al. (2005) report that a fourth-order expansion around X, (Rf gives very accurate results for
the particular problems that they considered.
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Step 2:

Step 3:
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where V¢ is the value function for this new (approximate) problem.

Let 7r{ be the solution of the approximate problem. The FOC leads
to the following implicit expression for 74,

7 +v21—1
(Ri1) X7}

i = B[RV (XGRS, 22 RS

t+1 t+1
BV (XORT Z2) R )
1
+ 5B [‘ﬁVtil (XfRfﬂ Zf+1) ((Wta)/RfH)ZRfH]X?

2

6
= —{Et[B[+1]Xt}_1{EZ[AZ+1] + Et[CH‘l(Wla)]th
+E([ D (7)1 X7 - (3.25)

1
+ GEAAVEL RS Ze) (1) R )R DX

The structure of (3.25) shows that the solution depends on condi-

tional moments involving the derivatives of the approximate value

function and powers of the returns. Assume for now that these mo-

ments can be calculated by some procedure. The solution of (3.25)

is then computed as follows:

(a) calculate the solution of the quadratic problem corresponding
to the second-order expansion of the value function. This gives
an explicit expression which can be used as an initial guess for
solving (3.25),

(b) substitute this initial guess into the right-hand side of (3.25) to
produce a new estimate of 7% on the left-hand side,

(c) iterate by repeating the previous step until consecutive estimates
become close enough, i.e. the distance between consecutive es-
timates falls below some pre-selected tolerance level.

Simulate a large number of sample paths of the vector Y; = [RY, Z;].

This set of paths serves as the underlying tree for the application of

a recursive procedure where the portfolio is approximated at each

step, along each trajectory, by the solution of (3.25).

Proceed recursively, along each trajectory, starting from the termi-

nal date. To compute the approximate portfolio at date ¢ proceed

in the following manner. Suppose that approximate weights 7 for
s=1t+1,..., T —1have been found. Terminal wealth starting from

XRF att +1is

T-1
X4 =X{R T] (#7¢RS, + RT). (3.26)
s=t+1
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The coefficients in (3.25) can then be approximated by

T-1

At+1%Et+1[&u(X%) I1 (WfR§+1+Rf)i| ‘L (327
s=t+1

in the case of A1, and similar expressions for By, 1, C; 1 and Dy 1.
Let a;11 = du(X7) ]_[T_lﬂ(q-rS“RfJr1 + Rf)R‘;Jrl be the random vari-

s=t
able inside the expectation in (3.27) and define b;41, ¢;41 and d;41

in a similar manner. Then
78~ —{Ealby 1XE) T Edlag] + Edfe (70)] (X0

+E[d1 (7] (X)) (3.28)
This approximation is treated as an exact equality to find #f (in
fact this construction produces an approximation of the approxi-
mate policy 7). To calculate the conditional expectations of a, b, c,
d the regression method of Longstaff and Schwartz (2001) is used.
This simple approach uses regressions across the simulated paths to
evaluate conditional expectations. Let y be a typical element of the
vector [a, b, c, d]. The expectation of y; | is computed by regressing
¥t+1 on a vector of polynomial bases in the state variables Z; so that,

Eilyi+1] = (P(Zt)/kz’

where k; is the vector of regression parameters, and the ith ele-
ment of ¢(Z;) corresponds to the ith term of a polynomial in Z;
of order K. The fitted values of this regression are used to construct
estimates of the time ¢-conditional expectations of a,, 1, byy1, ¢111
and d,1, along each path m. Solving (3.28) produces an approxi-
mate portfolio """,

4 Asymptotic properties of portfolio estimators

This section describes the asymptotic error distributions of MCMD, MCC
and MCFD portfolio estimators and discusses convergence issues for MCR.
The results provided extend Detemple et al. (2005b, 2005¢, 2005d) to settings
with both running utility and utility of terminal wealth and to smooth utility
functions outside the power (constant relative risk averse) class.

4.1 Notation and assumptions

Throughout the section utility functions are assumed to be smooth in the
sense that u, U € C°, the space of five-times continuously differentiable func-
tions. In addition, marginal utilities satisfy the Inada conditions

lim u/(x,t) =400 and lim U'(x,T) = +o0. 4.1
x—0 x—0



888 J. Detemple, R. Garcia and M. Rindisbacher

Let {t,: n =0,..., N — 1} be an equidistant discretization of the time in-
terval [¢, T], with A = ¢,,1 — t, = (T — t)/N. To state some of the results it
proves useful to introduce the notation 1, = [Nv]/N forv € [0, T]if Nv ¢ N
and n{)\/ = v — 1/N otherwise, where [Nv] is the integer part of Nv. With this
definition sums can be written as integrals, e.g.

N-1 T
> fud= /me dv.
n=0 t

For empirical means write EM[U| = (Z?i U y/M, where the random vari-
ables U’ are i.i.d. replications of U.

Given that analytic formulas for the distributions associated with diffusions
are usually unknown, a numerical scheme is required in order to approximate
the solutions of SDEs. Let X' be a random variable associated with the solu-
tion of an SDE and X" an approximation based on N discretization points.
The notion of weak convergence is employed to assess the behavior of the ap-
proximation: the sequence X*¥ is said to converge weakly to X' as the number
of discretization points N goes to infinity if and only if E[ f (X LNy > E[ f(XH]
for all continuous, bounded functions f € C.

For a parsimonious representation of portfolios it also proves useful to de-
fine the shadow price of optimal wealth. This is the function y; = y*(¢, X}, Y;)
that is the unique solution of the nonlinear equation

T
X;* = Et|:/ ft,vl(yt*ft,v, v)dv + fz,TJ()’;kft,T, T):|- 4.2)
t

The right-hand side of this equation is the present value of optimal consump-
tion, post date ¢. Decreasing marginal utility and the Inada conditions (4.1)
ensure that the shadow price y; exists and is unique for all X; > 0. Further,
note that yj = y*§&; where y* corresponds to the initial shadow price of wealth
defined previously.

4.2 Expected approximation errors

Let us now record a general result for expected approximation errors. Sup-
pose the d,-dimensional process Z satisfies the SDE

d
dZ, = a(Z)de+ Y bj(Z)dW/;  Zj given, (4.3)
j=1
whose coefficients a, b satisfy Lipschitz and growth conditions so as to guar-

antee the existence and uniqueness of a solution. Let Z" be the numerical
solution of (4.3) based on the Euler scheme with N discretization points.
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To describe the expected approximation error it is convenient to define the
tangent process of the diffusion Z (see Section A.8), as

. .
Vi2Zy ZER(/&a(Zs)ds—l—Z/&bj(Zs)dlst’) ,

t Jj=1%

where £R(.) is the right stochastic exponential (i.e. the solution of dER (M), =
dM,ER(M )v)- Also for a function f € C3(R%) define the random variables

v

i, v) = _Vt,zZv /(VZ,ZZS)_l (361(23) dZz;

t

d d
+ Z[&bja - Z(ﬁbj)(abj)bij| (Zs) dI/Vs])

j=1 i=1

v
+ vt,zZv/(vt,zZs)_1
t

d d
X Z[ﬁbjé’bja — Z (5’k(07161bl’j)bk,jj|(zs) ds

j=1 k=1

v
+ViaZe / (Vi2Z5)"!
t

d
x Y [9(abjobibi)b; — obidbjobib;|(Zs) ds (4.4)
i,j=1
and
vod
Wa(t,v) = —/ > vij(s, v)ds, (4.5)
=1
where

vij(s,v) = [R (V. Z2)"(9b))bi](Z), W'],  with
hi’j = Et[Djz(ﬁf(ZT)Vz,zZTei)] (4.6)

and e; is the ith unit vector. A more explicit expression for »; ;(s, v) is given in
Detemple et al. (2005c). Finally, for v € [¢, T, define the conditional expecta-
tions

1
Kiv(Zs) = EEz[ﬁf(Zv)Vl(t, v) + Va(t, v)], (4.7)
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v

d
kio(Zy) = _Et|:/<(7f(zs) |:a + Z(ﬁbj)bj:|(zs)
i=1

t

d
+ ) [bjd*b;](Zs) ) ] (4.8)
j=1
and set
Ke(Zt) = K o(Zy) + ki w(Zy). (4.9)

With this notation we can state the following
Proposition 3. Let f € C3(RY) be such that the uniform integrability conditions

. . N _
A lim sup ELynirzsr—rzmi-nN £ (Z7) = F(Zn)]] = 0’(4.10)

lim lim sup E; N

r—o0o N |: {||Nf, (f(Z )—f(Zy)) dv||>r}

T
/t (F(Z3y) = f(Zy) dv

hold (P-a.s.). Then, as N — oo,

X

} =0 (4.11)

1
NE(f(2}) = £(ZD)] — 3K.1(Z0), (4.12)

T

T T
NEt[/f(Z;VN)dv—/f(Zv)dv] — %/Kz,v(zt)dv (4.13)
t t

t

with K; .(Z;), k:,.(Z;) as defined in (4.7), (4.9).

This proposition provides formulas for the expected errors in the approx-
imation of functions (or functionals) evaluated at solutions of stochastic dif-
ferential equations. The expressions obtained can be viewed as probabilistic
representations of the formulas in Talay and Tubaro (1990) that give the errors
in terms of conditional expectations of functions solving PDEs. As will become
clear below expected approximation errors appear in the second-order bias
terms associated with the efficient Monte Carlo estimators of conditional ex-
pectations of functions of diffusions. The formulas in Proposition 3 can be used
to estimate second-order biases and infer second-order bias corrected estima-
tors.
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4.3 Asymptotic error distribution of MCMD estimators

With y/ as the solution of (4.2), the MCMD portfolio estimator can be writ-
ten as

—NM 3
X! =—(0)) 19t<E§”[g{W(Z§j’T;y;‘)]

T
+Eﬁ”Ug§W(Zf,Vny: ¥) dvD
t

—(0'1)71 E 81 Z;{VT’yt)]

T
+EM|:/g ZNN,yt dv D (4.14)

In this expression {ZN v € [t, T1} is a numerical approximation of the d,-
dimensional process {Z; ,, = [&rv, H} ,,, vec(D:Yy)', Yy, vl: v € [¢, T}, with
d,=2+dk+1)+k and H as defined in (2.16). The process Z; , solves

d
dZ;y =a(Z;,)dv+ Z bi(Ztv) dwy; Z; ; given.
j=1

The functions gjl\’[ v, g{{ , gjz‘/[ v, g? are C3-functions that determine various
portfolio components and are defined by

MV (z:y) = 210 (yz1, 25); gz y) = 217 (yz1, 25) 22,
MV (z: ) = 21l (yz1, 25); gz y) = ul'(yz1, z5) 2.

Close inspection reveals that gM V., gt g, are portfolio demand components as-

sociated with terminal wealth, while gM v, g‘Zq relate to intermediate consump-

tion.
Each portfolio component gives rise to an error term. To study the conver-
gence properties of the joint error define

?/ItVTM N = —(E?/[[gl (Zt V)] - t[gjlw(zt,T; yt*)])(fft/)l(ei,ls)

el N = (o) T EN [gH (2N yi)] - B8 (Ziri D)), (4.16)
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T
MV ,M,N M MV (7N .
et _<E’ [/ 82 (Lo ¥ )dv}

t
T

—Et[fgéw(zz,v; y;‘)dvD(a;)—le,, (4.17)

t

T
HM,N _ -
&7 = —(a)) 1(Eﬁ” |:/ gg(me,},; v;) dvi|
t
T

- Et[/gg(Z,,v; y5) dv:|). (4.18)

t
For j € {1, 2}, let (ej.‘:[t’,]}])/ = [(e%f/fM’N)/, (eft”]‘;’N)/] be the 1 x 2d random
vector of approximation errors associated with the mean—variance and hedging
demands for terminal wealth (j = 1) and intermediate consumption (j = 2).
Finally, let (e?:[fN ) = [(ejl‘/’[t’f;)/ , (ejz\,l ;,AT])/ ] be the 1 x 4d vector that incorporates
all the portfolio components. Similarly, define the 1 x 4d random vector C,

LT =
[Ci,t’T, Cé,t,T] where
Clir=[-e""ZriyHoior ', =gt (Zir:yD) o7 ],
T 1 T 1
Cyur = —/ 8" (Z1v; 7)) dv 00, ,—/ g (Zivi y}) dvoy
t t

are random variables involved in the various portfolio components. The ran-
dom variable C; 7 plays a critical role for the joint variance of the asymptotic
error distribution.

Let D2 be the space of random variables for which Malliavin derivatives
are defined (see Section A.3). Our next proposition describes the asymptotic
behavior of the estimation error.

Proposition 4. Suppose g € C3(R%) and g(Z;.,; y;) € DY2 forall v € [t, T,
Also suppose that the assumptions of Proposition 3 hold, and that

Tim e[ 1y1g5(Z, 197 Bl (Zewi )= 1)

x | §3(Zews ) — Ed[82 (Z1i yD)] ] = 0 (4.19)
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forall j € {1,2}and o« € {MV, H}. Then, as M — oo,
KMV (Y v (o)1,

1 L%
1 _(o-z) [K 1 T(Yh Y5 )]i:l
VMMM = md - hLb

2| = TR Yy du(o)) 19,
—(a)” 1ft ["i,z,z,v(Yt;)’z*)]i:l,...,ddv
“T(Yt»yt)
LU (Vi y7)

(4.20)
LYY (Y yP)
Lé—{t’T(Yt; y;k)

where Nyy — o0, as M — 00, €™ = limps_, o ~vM /Ny and

Lir(Yey)) = LY (Ve vy LY, (Y yp)

Lyl e (Y y0)s L p (Y 7] (421)
is the terminal value of a Gaussian martingale with (deterministic) quadratic vari-
ation and conditional variance given by
T
(L. L1 (Ve ) = [ ENN]ds = VARC 7 (4.22)

t

Ny = E{[D,C,.1]. (4.23)

The mean-variance component associated with terminal wealth g| MV (z; y¥) in-
duces the second-order bias function K1 " T(Y,, y;) as defined in (4.7). The
components of the d-dimensional vector of hedging terms for terminal wealth
[g (z; y§)); induce the second-order bias functions K i1r(Ye: y/) as given
in (4.7). In contrast, the mean—variance component for Tunning consump-
tion g, MV (z; y¥) induces two second-order biases embedded in the function
K2 ¢ v(Yt’ y;) as given in (4.9). Similarly, the components of the d-dimensional

vector of hedging terms for running consumption [g2 (z; y)]i induce the second-

order bias functions k1, = (Yy; yF) defined in (4.9).

,2,t,v

The expression for the asymptotic error distribution (4.20) has two compo-
nents. The first one depends on the expected approximation error and corre-
sponds to the second-order bias of the estimator. To illustrate the role of the
parameter €”4 and the second-order bias, note that for i = 1,..., d confi-
dence intervals with coverage probability 1 — «, calculated on the basis of the
Gaussian process L, are

[¢7 (M, Ny, ), 7 (M, Ny, )]
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where
M’NM
_—_M,N, o
+ _ »YM -1 il
with @ the cumulative Gaussian distribution function and (ri];/[ Nu g conver-

gent estimator of the variance of the Gaussian martingale [L, 7]; in (4.21). As
M — oo the true coverage probability of this interval converges to

P(m X} e [y; (M, Ny, @), ¢ (M, Ny, @)]) — ¥(a, 87™),  (4.24)
with

V(a,x) = P(@7((1 - a)/2) —x) — (P~ (a/2) — x), (4.25)

1
87" = ~€™[VAR/[L, 717 2K, 7(Ys: y])] (4.26)

1
2 i
and

Kir(Yeyh) = KM (Y yi) (o) ™10, = (o) T KYT, (Vi )
T

—fk’zv,’fv(Yt;y;“)dv(a;)let
t
T

—(ap7! / K5 (Ve ) do, (4.27)
t

where the d x 1 vectors of second-order biases associated with the hedging de-

. H . . H .
mands for terminal wealth K Liw and running consumption K3, are given by

K, Yoy = (K], Yoy, K (Y y)land f, (Yo y)) =

[ty (Y YD) okl (Y DL,

The limit (4.24) shows that a confidence interval of nominal size «, based
on L, will suffer from size distortion as it will in fact cover the true value 7}, X7
only with probability ¥ (e, 8;’”’) and not 1 — «, as initially prescribed. The de-
gree of size distortion is measured by the distance

S(B?”d) =1l—a— ¥, S?ld).
Given that ¥ («, -) is strictly monotone and ¥ («, 0) = 1—«, a confidence inter-
val has the requested nominal size if and only if there is no second-order bias,
ie. 6;"‘1 = 0. In the univariate case d = 1, the degree of size distortion s(6’1"d)
is negatively related to VAR,[L, 7], the asymptotic variance implied by the
Monte Carlo averaging procedure and positively related to #KI,T(YI; i),

the second-order bias implied by the discretization scheme used for the reso-
lution of SDEs.
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When 6;7"1 # 0 efficiency comparisons based on the length of asymptotic

confidence intervals l//?_(M s Ny, a) — 7 (M, Ny, @) are invalid, because the
asymptotic coverage probability is less than the requested nominal size. Con-
clusions pertaining to the effects of various parameters should also be drawn
with care. For instance in the univariate case, note that a reduction in the vari-
ance of an estimator has two effects. On the one hand, it reduces the length
of a confidence interval. On the other hand, it also, if a second-order bias ex-
ists, increases the size distortion and therefore reduces the effective coverage
probability. This trade-off also appears when the numbers of replications M
and discretization points N are modified. If the variance of an estimator is
reduced by increasing M, leaving N unchanged, efficiency may appear to im-
prove when in fact the effective coverage probability decreases. Alternatively,
if for a fixed budget of computation time, the number of discretization points
N becomes large (thus, the number of replications M goes to zero), the re-
sulting confidence interval of the estimator becomes free of size distortion (as
€ = limp;_, oo v/M /Ny = 0) but its length explodes (as crg[’NM/«/M — 00).

The trade-off between the effects of M and N implies that the efficient
scheme is such that the number of Monte Carlo replications must be quadru-
pled whenever the number of discretization points is doubled (because €”? =
limys_, 0o VM /Nys). In addition, the asymptotic second-order bias has to be
taken into account in order to draw valid efficiency comparisons. Methods to
correct for the second-order bias require the calculation of the function K. Ex-
pressions for bias corrected estimators are provided in Detemple et al. (2005c¢).

A similar result applies to MCMD estimators based on the Doss transfor-
mation (see Section 3.2). The use of the Doss transformation increases the
rate of convergence of the Euler scheme, but not the rate of convergence
of the expected approximation error. The associated portfolio estimator con-
verges at the same speed as the estimator based on the Euler scheme without
Doss transformation, has the same asymptotic covariance matrix but a differ-
ent second-order bias. Likewise, using the Milshtein scheme does not improve
the rate of convergence and produces an asymptotic error distribution with
the same covariance matrix. The sole modification is the expression for the
second-order bias (see Detemple et al., 2005¢ for details).

4.4  Asymptotic properties of MCC estimators
MCC estimators are described in (3.14)—(3.16). In what follows we examine

the error behavior for (3.16). Similar convergence results hold for estimators
based on (3.14) and (3.15). With the definitions

T
Ft,T = fl(Zt,T§ y?‘) + f fz(Zz,v; )’;ﬁ) dv (4~28)
t
where

fi(ziy) = 21J(yz1, z5), (4.29)
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f2(zy) = 211 (yz1, z5) (4.30)
the estimation error is (eiWTN Yy =1(e jlthT’ "y, (ejzwtﬁ "y] with

iy = o (FE AN o0

- (B[PAZr ], ) (431)

ejzwtlih_( o))~ ( EM|:/f2 N,yt)dvAhWt:|

— (Et |:Dt / fz(Zt,v; y) d'l):| ) ), (432)
t ly=y¢

and Ay W; = W, — W,. The asymptotic behavior of the error is described in
the next proposition.

Proposition 5. Assume that fi, f, € C3(R%) and suppose that fi(Z,.; y{) €

]D)lvzfori = 1,2 Let K1,1,,(Ys; y)) be defined for fi asin (4.7) and k2,4,(Ys; yf)
for fr as in (4.9). Define the events

Fy(N, h,r) = {H/ 2 N(y,)—— [Qg’thN(yt)])dv

FI(N, by r) = Ngﬂwt JEO) 0]

>I’},
-

A W, A, W,
Gi(h, r)={ f1<zt,T;yi‘>%—Et[fuzt,T;y:‘) hh ’}

AWy

Gy(h,r) = {

/f2<ztv,y,>dv

W;
[/fxzm,y,)dv 4 f”

where, for j = 1,2, the processes Qj.vt’}f are given by

4

AW
QYD) = NUHZNy 37) = fi(Zews 30) = (4.33)




Ch. 21. Simulation Methods for Optimal Portfolios 897

Suppose that the conditions

rhngo lim sup E; [lpl(N h,r) Q1 : T(yt Ql ‘ T(yt ’H
e h,N
(4.34)
T
lim limsupE;| 15N 5. /(QN " N(yt)
r>00 N 2 2.t
t
1
ApW,
rll)ngohmsupEt[lcl(h o 1(Ze,15 y1) 7 d
—Ez|:f1(Zt,T;Yz :| ] (4.36)
; AW,
hrn hmsupEt|:1G2(h ) / f2(Zv; yf) dv Wi
Soo h
!
W 2
|:/f2(ztv»yt)dv A z] ]20 (4.37)

hold. Then, as M — o0,

CDAZrD TV
e sy (o, 1)
’ _Ds_[t o(Zsw: yf) dv

1 _ Ki1(Ysy) '
+ &5=(a)) 1(@[ b ])
22 LSS koY pydv ),
+ (L ® () N0, 7 (Vi ¥, (4.38)

where ® denotes the Kronecker product.” In (4.38) the convergence parame-
ters satisfy Ny, 1/hyy — oo when M — oo, and the constants are &] =

limps— 0o MYBhys and g5 =limy oo M 13 )Ny, The 2d-dimensional Gaussian
martingale Oy T has (deterministic) quadratic variation
[0, O]t,T(Yz§ Y;k)
[ AZur vy Aoz y) [T F2(Ziws v dv Id}
t .
Aoz yp) J 2 Zw: yP dvly ! 1 Ziw y) dv)ly

7 The Kronecker product of an m x n matrix 4 and a p x g matrix B corresponds to the mp x ng matrix

AQB=[A; B]z 1“'
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The asymptotic error distribution has three components. The first two lines
on the right-hand side of (4.38) are second-order bias terms: the first line is
due to the approximation of the Brownian increment by the discrete difference
A, W, the second line to the approximation of the diffusion by the solution of
the discretized SDE. The last line on the right-hand side of (4.38) is a martin-
gale component associated with the estimation of the mean by an average over
independent replications.

4.5 Asymptotic properties of MCFD estimators

Recall that Z4 ;, = Y, and, for any functional H, , of Y, let V,, ZMHI,U
denote the jth element of the tangent process associated with an infinites-
imal perturbation of the state variable Y; ;. To simplify the notation define
the d x k matrix process v, = y(t,Yy) = [(¢/) (oY) I(t, Z4,1). With
these definitions, the approximation error for MCFD estimators is given by

M,N,T,a M,N,t,a M,N,t,a .
(N Ty = 1)y, (b Ny with
M,N,7,a _ MV ,M,N H,M,N,r,«a
e nr =€t ter ) (4.39)
M,N,7,a _ MV ,M,N H,M,N,r,«a
e 1 =€ur  teT ; (4.40)

where ejlth ’TM’N is given by (4.15), ejzw ZV ’TM’N by (4.17), and the hedging term

approximation errors by

el N = VBN [V (20 57)]

t,Z]',4
— B[ Ve 1 Zors D))oy (4.41)
T
H,M,N,r,a0 __ >
€2.1,T "= 7; |:E£W |:VtTZC;4 /fz(zfnﬁ’; y?) dv:|
t
T
—E; |:vt,zj,4 / 2(Zew; ¥ dvi|i| . (4.42)
f j=1,.k

For MCFD estimators, the estimators of the mean—variance components are
identical to those of MCMD: their convergence properties are as described
in Proposition 4. The asymptotic error behavior of the hedging component is
as follows. To simplify matters, we assume that (7;, @j) = (7, ) for all j =
1,..., k.

Proposition 6. Assume that the functions fi, f» € C3(R%) and suppose that
filZi 1y y7) € D2 fori =1,2 Let Ky ,,(Y;; yf) be defined for fi as in (4.7)
and k2,1,(Ys; yf) for fo as in (4.9). Define the events

-},

1
NVEE FU(ZY57) = 505K (Yes y))

FI(N,7,r) = { :
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Fi(N,7,r) = HNV;Z"‘4/f2 zY i 37) dv

T
1
_ 5‘/‘ﬁyjkz’t’n{)v(Y,;y;k)dv

>r},
t

Gl 1) = {|V2 Fi(Zors y)) = Bl VEE i Zo 3] | > 1),

GQ(T, r)= {

tzj4ff2(Zt Vs yr)dv

- E; |:V:zcj4 /fz(Zt,v; ) dUi|
t

Suppose that the conditions

. . ) T,Q N . %
rlggo hf?fs}\lfp Et[lF{W,r,r) ‘Nv”zj,étfl(zt,T’ i)

1
- Eﬁy,-Kl,t,T(Yz; ) i| =0, (4.43)
T
rllpgo 1151:]1\,1[}2) E |:1F£(N,T,r) NV t Z/ 4 /(fZ( N’ yt)
1
Sy (Vi) ) do } _o, (4.44)

lim lim sup E,[IG{(”) |VZ’ZDJ‘_’4f1 (Zi159)

r—0o0 1/7_

— B[V AZr D[] =0, (4.45)

rll)rgo limsupE;| 1, -
1/7 2

_El[ zz4/f2(Zlv’yt)dv:|

hold, forall j =1, ..., k. Then, as M — oo,

tz]4/f2(Zt v ¥i) dv

2
} =0 (4.46)
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(i) if a = 1/2 (MCCFD) we have

Ml/ZeH%M,NM,TMaa
f

T VBV AZT: YD),k
= 24 / 3 T *
')/tEt[Vz,sz fz fZ(Zt,v; Vi ) dv]j:l,...,k
sgm 7;[&yjK1,t,T(Yt; y?)];:l,...,k
2 | vldy [ kg gy (Y yE) dvliny i
+ (L @ y)Pr(Yi: y)), (4.47)

where Ny, 1/t — o0 when M — oo, and where s]Cd =

limpy 0o M4y and &]°? = limy oo MY2 /Ny,
(i) if « # 1/2 (MCBFD and MCFFD)
Ml/zef%M’NM’TMﬁ
ra VEAVE 2 FU(ZeTs Y =1,k
= & () ) ) T .
’)’tEt[Vt,zj’4 f, fZ(Zt,v§ Vi ) dv]j:l,...,k
s{d [ Yildy K1,e,7(Ye; Y)lj=1,... .k
> T
2 iy, [, K 0V (Y y{) dvljzi,.k
+ (L @ y)P . 1(Yi: y)), (4.48)
where Ny, 1/7yp — oo when M — oo, with 6(a) = 2a — 1)/2, and
where e{d = limps_ 0o M7y and eéd = limy/_ Ml/Z/NM. The ran-
dom variable P; 7(Yy; yf) is the terminal point of a 2d x 1 dimensional
Gaussian martingale with quadratic variation

.....

T
[P, Pli,7(Yi;y) = Epy, |:/L(v, Zivi YL, Zy; y)’dv:|,

t

where

\V/ Zi7:v))
Lo, Zr,v;y)=Ev,z,,v[Dv[ (Vo2 , J1(Z113 ) H

(Vo,z [T 2(Z1 s y) ds)

As for MCC estimators the asymptotic error distribution has three compo-
nents. The first two are second-order bias terms due to the finite difference
approximation of the tangent process and to the numerical approximation
of SDEs characterizing the underlying diffusions. As for MCMD and MCC
estimators there is a trade-off between these error components. Also, it is
apparent that the convergence rate of MCFD estimators is better than that
of MCC estimators. But, the nature of the differencing scheme (i.e. forward,
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backward or central) only affects the second-order bias. The last component,
P, 1, 1s the terminal point of a Gaussian martingale. It describes the asymptotic
distribution of the normalized difference between the empirical mean based on
random variables drawn from the true distribution of the state variables and
the true conditional expectation. This component is present even if simulation
from the true distribution of the state variables is feasible.

For continuous functions the speeds of convergence of MCFD and MCMD
estimators are identical. But even if sampling from the true distribution is pos-
sible, MCFD estimators will suffer from an additional second-order bias term
due to the finite difference approximation of the tangent process. For dis-
continuous functions MCFD estimators converge more slowly than MCMD
estimators (see Detemple et al., 2005d): MCCFD converges at the rate M2/,

whereas MCFFD and MCBFD converge at the same rate as MCC, M ~1/3,
4.6 Remarks and interpretations

The asymptotic MCMD error distribution depends on the number of Monte
Carlo replications M used to approximate the conditional expectation and the
number of discretization points N used to approximate the random variables
in the expectation. As shown by Duffie and Glynn (1995) efficient Monte Carlo
estimators of conditional expectations are obtained if the parameters M, N are
chosen along the diagonal /M /N = constant of the space of convergence pa-
rameters. Efficient Monte Carlo estimators, unfortunately, have noncentered
error distributions, therefore suffer from a second-order bias. As discussed in
Section 4.3, second-order biases cannot be ignored when the relative efficien-
cies of different Monte Carlo estimators are compared. For MCMD estimators
Detemple et al. (2005c) provide analytic formulas for the second-order bias
and second-order bias corrected estimators. They show that second-order bias
corrected estimators are asymptotically equivalent to (generally) infeasible es-
timators that sample from the unknown true distribution of the state variables.
Propositions 5 and 6 reveal that second-order biases are even more important
for MCC and MCFD, as they both depend on an additional perturbation para-
meter. This dependence implies additional second-order bias components that
appear difficult to correct for.

It should also be noted that the analysis above treats the shadow price of
wealth y; as a known quantity. This is clearly not the case when preferences
are nonhomothetic. In this situation a Monte Carlo method (with discretized
diffusion) can be combined with a numerical fixed point scheme to estimate
the shadow price. The results of Proposition 3 show that the error associated
with the estimation of y; is of order 1/ VM as long as limy;_, oo VM /Ny = €
for some € € (0, 0c0). As MCC estimators converge at the slower rate 1/M 1/3
(see Proposition 5) the asymptotic error distribution is the same for known and
estimated y;. In contrast, because MCMD and MCFD estimators with known
yi converge at the faster rate 1/+/M (see Propositions 4 and 6), the approxi-
mation error due to the estimation of y; will not be asymptotically negligible.
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An additional second-order bias term due to the approximation error of the
shadow price of wealth will appear and affect the lengths of asymptotic con-
fidence intervals. A detailed analysis of the error distribution is beyond the
scope of this review article.

4.7 Asymptotic properties of MCR estimators

The portfolio estimator of Brandt et al. (2005) induces three error terms:
the remainder of the Taylor approximation of the value function, the error due
to the projections of conditional expectations on a polynomial basis and the
Monte Carlo error introduced by the need to simulate random variables in
order to perform these projections.

The convergence behavior of the MCR portfolio estimator has yet to be
studied. In contrast, convergence results for Monte Carlo methods involving
projections on basis functions are available for optimal stopping problems aris-
ing in the valuation of American contingent claims (see Tsitsiklis and van Roy,
2001; Clément et al., 2002; Egloff, 2005; and Glasserman and Yu, 2004). Al-
though related, these convergence studies do not apply directly to the setting
of Brandt et al. (2005): the control in the portfolio choice problem is not a bi-
nary variable and therefore has a more complex structure than the control of
an optimal stopping problem. In addition, the papers of Tsitsiklis and van Roy
(2001) and Clément et al. (2002) prove convergence but do not provide a con-
vergence rate. Like the trade-off between the number of discretization points
and the number of Monte Carlo replications described in Proposition 3, there
is an optimal trade-off between the number of independent replications and
the number of elements in the projection basis for the polynomial estimators
of Brandt et al. (2005) and Longstaff and Schwartz (2001). Glasserman and
Yu (2004) provide results for optimal stopping problems involving Brownian
motion and geometric Brownian motion processes. In that context they show
that the number of basis functions has to grow surprisingly fast to obtain con-
vergence. For Brownian motion the number of polynomials K = Kj; for which
accurate estimation is possible from M replications is O(log M ). For geometric
Brownian motion this growth rate is O(,/log M): the number of paths has to
grow (faster than) exponentially with the number of polynomials.

All these results are derived in the context of American option pricing mod-
els. There are no reasons to expect better convergence results for the more
complicated asset allocation problems. Egloff (2005) shows that results can
be improved when bounded basis functions are used.® He also shows that the
approximation error scales exponentially with the number of time steps. This

8 A similar result is obtained by Gobet et al. (2005) for regression-based Monte Carlo methods used to
solve backward stochastic differential equations. They provide a full convergence analysis in terms of
L2 errors and a central limit theorem.
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suggests that the MCR error will be large even for a moderate number of re-
balancing times. This conjecture appears to be supported by the simulation
evidence in Detemple et al. (2005b).

5 Performance evaluation: a numerical study
5.1 Experimental setting

In order to compare the different methods we use a model with an explicit
solution. In this model the investor has constant relative risk aversion R (hence
Corollary 1 applies) and operates in a market with a single risky stock and
the riskless asset. There is a single Brownian motion W. The interest rate r is
constant and the market price of risk 6 follows the Ornstein—Uhlenbeck (OU)
process

do, = A6 — 0,)dt +3dW,; 6 given, (5.1)

where A4, 6, 3 are positive constants. The stock return has constant volatility o.
The investor cares about the expected utility of terminal wealth (there is no
intermediate consumption).

The closed form solution for the optimal portfolio policy can be found in
Wachter (2002).” Assume that the determinant condition

S7ZA+p(1+23714) >0, (5.2)
holds, where p = 1 — 1/R, and define the constants

G=-3"4— /52421 p(1 425714

and @ = 2(A + 3G). The optimal stock demand is 7} = =}, + 7, where the

mean-variance demand is wi‘t =(1 /R)(crt)_1 0; and the intertemporal hedging
demand is

Ty = —%[B(t, T)+C(t, T)6,]%0 ",

with
2(1 — exp(—3a(T — 1)))?
B(t,T) = , 5.3
1) ala+ (p—G)X(1 —exp(—a(T — 1)))) ©-3)
CU.T) = 1 —exp(—a(T — 1)) (5.4)

a+(p—G)2(1 —exp(—a(T — 1))’

9 Wachter shows that the problem reduces to a system of Riccatti ordinary differential equations. Liu
(1998) and Schroder and Skiadas (1999) show that the same reduction applies when state variables
follow affine processes.
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5.2 Numerical results

This section reports comparison results for MCMD, MCC, MCFD and
MCR. Three versions of MCFD, with forward finite differences (MCFFD),
backward finite differences (MCBFD) and central finite differences (MCCFD)
are tested. Three versions of MCR are also evaluated. The first one regresses
on the excess returns for the last period (MCR-lin-1), the second on the excess
returns for the last two periods (MCR-lin-2), the last one on the excess returns
for the last four periods (MCR-lin-3).

In order to provide conclusive evidence about the efficiency of the differ-
ent Monte Carlo methods, we draw 10,000 configurations of the parameters
(R, T, 6y, r) from independent uniform distributions. For each draw and each
method, relative errors and execution times are recorded. A measure of ac-
curacy, root mean square relative error (RMSRE), and a measure of speed,
inverse average time (IAT), are computed from this sample, again for each
method.!” This experiment is repeated for different discretization values N
and different numbers of trajectories M. The speed-accuracy trade-off can
then be graphed to evaluate the relative performances of the candidate meth-
ods.

In order to use an Euler scheme that guarantees positive state price density
we discretize log & and calculate the SPD ¢ as the exponential of the discretized
logarithmic SPD. Given the difficulties encountered in implementations of
higher order polynomial-regression methods (see Detemple et al., 2005b) we
only focus on the linear approximations MCR-lin-1, MCR-lin-2, MCR-lin-3.

The simulation experiment is designed in the following manner. The
risk aversion parameter R is drawn from a uniform distribution with do-
main [0.5, 5], the investment horizon 7 from a uniform distribution over
the discrete set {1,2,...,5}, the initial MPR 6 from a uniform distrib-
ution over [0.30, 1.50] and the constant interest rate r from a uniform
distribution over [0.01, 0.10]. These distributions are assumed to be in-
dependent. Each draw consists of a vector [R, T, 6, r]. Errors and com-
putation times are recorded, for each method, for the pairs (M,N) =
{(1000, 10), (4000, 20), (9000, 30), (16000, 40)}. These combinations of M, N
are chosen so as to quadruple M when N is doubled, leaving the ratio /M /N
constant.!! For MCC and MCFD an auxiliary parameter has to be selected.
For MCC the time step /4 for the initial increment of the Brownian motion is
set equal to the time step 1/N, as in Cvitanic et al. (2003). Initial MPRs for
MCEFD methods are perturbed by setting 7 = 0.1. As is the case for M and
N these auxiliary parameters decrease along the efficient path, in the manner

10JAT is measured by the number of portfolios computed per second.

1 The ratio ~/M /N is the efficiency ratio for MCMD. Increasing M and N while maintaining this ratio
constant ensures convergence to the true value without modifying the structure of the second-order
bias (see Detemple et al., 2005c¢).
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Fig. 1. This figure shows the speed-accuracy trade-off for MCMD, MCFD, MCC and MCR meth-
ods. MCCO corresponds to (3.15) and MCCN implements (3.16). All MCFD estimators are based
on (3.22). Speed is measured by the inverse of the average computation time over the sample. Ac-
curacy is measured by root mean square relative error. Four points, corresponding to the pairs
(M, N) = {(1000, 10), (4000, 20), (9000, 30), (16000, 40)}, are graphed for each method. The auxil-
iary parameter for MCC is &~ = 1/N and the initial auxiliary parameter for MCFD is 7 = 0.1. Both
parameters decrease for efficient estimators as described in Propositions 5 and 6.

prescribed by the asymptotic convergence results in Propositions 5 and 6. For
MCC the parameter 4 is cut in half if N doubles and M is multiplied by eight.
For MCFD the parameter 7 is cut in half if N doubles and M quadruples.

Sample statistics for RMSRE and IAT are based on 6415 “good” draws, i.e.
draws for which all methods provide real results, out of the 10,000 replications.
To provide perspective it is useful to note that all the “bad draws” are recorded
when one of the three MCR methods fails to produce a result. Eliminating bad
draws therefore advantages MCR.

Figure 1 displays the results from this experiment. The first observation
is that MCMD dominates MCR, MCC and MCFD. At the same time MCR
weakly dominates MCC, whereas MCC fares better than MCFD. MCMD im-
proves on MCR by a factor in excess of 10. For a speed in the neighborhood
of 10 the RMSRE of MCMD nears 102 while that of MCR is about 3 x 10~1.
Given the slopes of these trade-offs along MCMD and MCR this gap is ex-
pected to widen if M and N are further increased.

Next, we compare different versions of Monte Carlo estimators within each

class.
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Fig. 2. This figure shows the speed-accuracy trade-off for three MCR-lin methods. Speed

is measured by the inverse of the average computation time over the sample. Accuracy

is measured by root mean square relative error. Four points, corresponding to the pairs
(M, N) = {(1000, 10), (4000, 20), (9000, 30), (16000, 40)}, are graphed for each method.

Figure 2 illustrates that the three regression methods have a very similar
performance: regressing on additional lagged returns does not improve perfor-
mance. As a matter of fact it turns out that adding lagged regressors may cause
the fixed point algorithm proposed by Brandt et al. (2005) to fail more fre-
quently. Among the 10,000 configurations of [R, T, 6, r], MCR-lin-1 produced
7229 and MCR-lin-2 6984 good draws. But, in accordance with the results for
American option pricing in Longstaff and Schwartz (2001), when MCR-lin pro-
vides results, the performance does not seem to depend on the choice of the
orthonormal basis. This, however, is not a general property. In the present ex-
ample this finding may simply be due to the fact that the true policy is linear
in the MPR. MCR-lin-1 is therefore closest to the functional form of the true
portfolio weight.

A similar comparison for MCC methods in Figure 3 reveals that the per-
formance of both MCC methods is similar. Close inspection indicates that the
MCC method based on (3.16) performs slightly better than the original method
proposed by Cvitanic et al. (2003), based on (3.15). The RMSRE of the mod-
ified MCC method may be smaller because it estimates the hedging demand
directly. In contrast, the original MCC method calculates the total portfolio
weight but does not exploit the fact that for CRRA preferences the mean—
variance component is known in closed form. The small size of the hedging
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Fig. 3. This figure shows the speed-accuracy trade-off for two MCC methods. MCCO corre-

sponds to (3.15) and MCCN implements (3.16). Speed is measured by the inverse of the aver-

age computation time over the sample. Accuracy is measured by root mean square relative er-

ror. Four points, corresponding to the triplets (M, N, h) = {(1000, 10, 1/10), (4000, 20, 1/20),

(9000, 30, 1/30), (16000, 40, 1/40)}, are graphed for each method. The auxiliary time step for the initial
Brownian increment 4 is chosen equal to the discretization step 1/N.

demand for horizons between one and five years may be the source of the
smaller relative error produced by the modified MCC method.

Finally we compare three different MCFD methods. The results in Figure 4
show that MCBFD estimators outperform both MCFFD and MCCFD estima-
tors. MCCFD estimators are least efficient. This may be due to the fact that
these estimators require the simulation of two additional perturbed processes,
whereas MCFFD and MCBFD are based on a one-sided perturbation of the
MPR diffusion. Hence, the computational effort to calculate MCCFD estima-
tors is greater. At the same time Proposition 6 establishes that the speed of
convergence for all methods is the same. The three MCFD estimators only
differ in the second-order bias for which a ranking based on the theoretical
results does not appear possible. The simulation in Figure 4 suggests that the
second-order bias is larger for MCCFD than MCBFD and MCFFD.

6 Conclusion

Monte Carlo simulation is the approach of choice for high dimensional
problems with large numbers of underlying variables. In contrast to alterna-
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Fig. 4. This figure shows the speed-accuracy trade-off for three MCFD methods based on (3.22).

Speed is measured by the inverse of the average computation time over the sample. Accu-

racy is measured by root mean square relative error. Four points, corresponding to the triples

(M, N, ) = {(1000, 10, 1/10), (4000, 20, 1/20), (9000, 30, 1/30), (16000, 40, 1/40)}, are graphed for
each method.

tives such as lattice methods (finite difference and finite element schemes,
Markov chain approximations, quantization and quadrature schemes, etc.),
simulation methods do not suffer from the well-known curse of dimensionality.
As a result they emerge as natural candidates for the numerical implementa-
tion of optimal portfolio rules in high dimensional portfolio choice models.
MCMD, MCC, MCFD and MCR, are various simulation schemes that have
been proposed and studied during the past few years with this particular ap-
plication in mind. Among these candidates, MCMD has shown a number of
attractive features. One important consideration is that it is the only simula-
tion method that attains the optimal convergence rate implied by the central
limit theorem. In numerical experiments conducted it also showed superior
efficiency, as measured by the trade-off between speed of computation and
accuracy.

Asset allocation models with complete markets and diffusion state variables
are natural candidates for the application of MCMD. In these settings the op-
timal portfolios can be expressed as conditional expectations of functionals
of the state variables and their Malliavin derivatives, and these can be cal-
culated numerically using Monte Carlo simulation. Settings with incomplete
markets and more general forms of portfolio constraints prove more challeng-
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ing. MCMD extends to these models as well, when the dual problem has an
explicit solution. Constrained problems, embedding affine models, for which
this can be achieved are described in Detemple and Rindisbacher (2005). Ex-
tensions of the method to more general settings, where an explicit solution to
the dual is not available, remain to be carried out.
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Appendix A. An introduction to Malliavin calculus

The Malliavin calculus is a calculus of variations for stochastic processes.
It applies to Wiener (or Brownian) functionals, i.e. random variables and sto-
chastic processes that depend on the trajectories of Brownian motions. The
Malliavin derivative, which is one element of this calculus of variations, mea-
sures the effect of a small variation in the trajectory of an underlying Brownian
motion on the value of a Wiener functional.

A.1 Smooth Brownian functionals

To set the stage consider a Wiener space generated by the d-dimensional
Brownian motion process W = (W, ..., W) . As is well known we can asso-
ciate each state of nature with a trajectory of the Brownian motion (the set of
states of nature is the space of trajectories). Let (#y, ..., t;) be a partition of
the time interval [0, T'] and let F(W) be a random variable of the form

FW)=fWy,.... W),

where f is a continuously differentiable function. The random variable F (W)
depends (smoothly) on the d-dimensional Brownian motion W at a finite num-
ber of points along its trajectory; it is called a smooth Brownian functional.

A.2  The Malliavin derivative of a smooth Brownian functional

The Malliavin derivative of F is the change in F due to a change in the
path of W. To simplify matters assume first that d = 1, i.e. there is a unique
Brownian motion. Consider shifting the trajectory of W by ¢ starting at time ¢.
Suppose #; < t < tyy1 forsome k = 1,...,n — 1. The Malliavin derivative of
F at ¢ is defined by

If Wiy + eliro0((t1), o, Wi, + €11 001 (tn))

DF(W) = e
e=0
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i F(W + el o)) — F(W)
= lim ’

e—0 &

(A1)

where 1|, o is the indicator process of the set [#, co) (that is 1, oo(s) = 1 for
s € [t, 00); = 0 otherwise). In more compact form we can write

n
DiF(0) =Y dif Wy, oy Waes oo, W) lioal (1), (A2)
j=k

where J; f is the derivative with respect to the jth argument of f.
A simple example will illustrate the notion. Consider the price of the stock
in the Black—Scholes model. Its value at date T is given by

1
ST = SoCXp((/.L — 50'2>T+ O'WT>5

where W7 is the terminal value of the univariate Brownian motion process
defining the uncertainty in this model. Since St = f(W7) with f(x) =
Soexp((p — %0’2)T + ox) it is clear that S7 is a smooth Brownian functional.
A direct application of the definition gives

1
DSt = &f(WT)l[t)oo[(T) = o8 exp((;u — 50'2>T + O'WT> = oS7.

In this example the stock price depends only on the Brownian motion at
time 7. The Malliavin derivative is then the derivative with respect to Wr. This
reflects the fact that a perturbation of the path of the Brownian motion from ¢
onward, affects S only through the terminal value Wr.

Suppose next that d > 1, i.e. the underlying Brownian motion is multi-
dimensional. The Malliavin derivative of F at ¢ is now a 1 x d-dimensional
vector denoted by D, F = (Dy,F, ..., Dy F). The ith coordinate of this vector,
D F, captures the impact of a perturbation in W; by ¢ starting at some time ¢.
If ty <t < ty1 we have

n
d
Dith Z—f(I/Vﬁ,~'-7I/I/Ifk7'-'9I/Vln)1[l,OO[(tj), (A-3)
ik Ixjj

where Jdf/dx;; is the derivative with respect to the ith component of the jth
argument of f (i.e. the derivative with respect to Wy,).

A.3  The domain of the Malliavin derivative operator

The definition above can be extended to random variables that depend on
the path of the Brownian motion over a continuous interval [0, 7]. This ex-
tension uses the fact that a path-dependent functional can be approximated
by a suitable sequence of smooth Brownian functionals. The Malliavin deriva-
tive of the path-dependent functional is then given by the limit of the Malliavin
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derivatives of the smooth Brownian functionals in the approximating sequence.
The space of random variables for which Malliavin derivatives are defined is
called D12, This space is the completion of the set of smooth Brownian func-
tional with respect to the norm || F|1 > = (E[F?] + E[fOT | D,F|? dt])% where
IDF|? = 32;(DieF)>.

A.4  Malliavin derivatives of Riemann, Wiener and It integrals

This extension enables us to handle stochastic integrals, which depend on
the path of the Brownian motion over a continuous interval, in a very nat-
ural manner. Consider, for instance, the stochastic Wiener integral F(W) =

fOT h(t) dW;, where h(t) is a function of time and W is one-dimensional. Inte-

gration by parts shows that F(W) = h(T)Wr — fOT W dh(s). Straightforward
calculations give

FOW + &lj.000) — FOV) = h(T)(Wr + ely,000(T))
T
— [0+ etiei(s) ahs)
0

T
— (h(T)WT —/Mdh(s))
0

T

= W(T)e — / elr,00((s) dh(s) = eh(t).
0

It then follows, from the definition (A.1), that D;F = h(¢). The Malliavin
derivative of F at ¢ is the volatility 4(¢) of the stochastic integral at ¢: this
volatility measures the sensitivity of the random variable F to the Brownian
innovation at ¢.

Next, let us consider a random Riemann integral with integrand that de-
pends on the path of the Brownian motion. This Brownian functional takes

the form F(W) = fOT hs ds where h; is a progressively measurable process (i.e.
a process that depends on time and the past trajectory of the Brownian mo-

tion) such that the integral exists (i.e. fOT |hs|ds < oo with probability one).
We now have

T
F(W + elt, o) — F(W) = /(hs(W + &1[t, oo[) — hy(W)) ds.
0
Since lim,_,o(hs(W + eljt,o0 — hs(W)) /e = Dihs(W) it follows that D;F =
1T Dyhs ds.
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Finally, consider the It integral F(w) = fOT hs(W) dW;. To simplify the
notation write h° = h(W + elj;,o0p) and W2 = W + elj; o[- Integration by
parts then gives

T
(= o) Wi+ [ g a(wy = )
0

F?—F

St— iy O —

T
(1 = hs) @+ (9 = i) = [ e = ) ang

T
- / d[we —w, r%,
0

T T
= | (h — hy)dW; + h5e — ¢ | dh?
s T N
t t
T

- /(hg — hy) dW; + ehi?.
t

The second equality above uses h% = hy for s < t to simplify the first in-
tegral and the integration by parts formula to expand the second integral.
The third equality is based on the fact that the cross-variation is null (i.e.
[(W?—W, h®]r = 0) because W, — Wy = el; o0[(s) and 1, o[ () is of bounded
total variation.!> The last equality uses, again, the integration by parts for-
mula to simplify the last two terms. As lim,_,o(hZ — hs)/e = D;hs we obtain
DF = hy + [ Dyhy dW;.

Malliavin derivatives of Wiener, Riemann and Itd integrals depending on
multidimensional Brownian motions can be defined in a similar manner. As in
Section A.2 the Malliavin derivative is a d-dimensional process which can be
defined component-by-component, by the operations described above.

A.5 Martingale representation and the Clark—Ocone formula

In Wiener spaces martingales with finite variances can be written as sums of
Brownian increments.!® That is, M; = My + fot ¢ dW; for some progressively

12 The total variation of a function fislimpy_, o ZtneHN([O,t]) [f(tys1) — f(tn)| where N0, 1) isa
partition with N points of the interval [0, ¢].

13 A Wiener space is the canonical probability space (Co(R4; Rd), B(Co(Ry; Rd)), P) of nowhere dif-
ferentiable functions Cy, endowed with its Borel sigma field and the Wiener measure. The Wiener
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measurable process ¢, which represents the volatility coefficient of the mar-
tingale. This result is known as the martingale representation theorem. One of
the most important benefits of Malliavin calculus is to identify the integrand ¢
in this representation. This is the content of the Clark—-Ocone formula.

The Clark—Ocone formula states that any random variable F € D'-2 can be
decomposed as

T
F =E[F] + / E/[D,F]dW,, (A4)
0

where E;[-] is the conditional expectation at ¢ given the information generated
by the Brownian motion W. For a martingale closed by F € D2 (i.e. M, =
E,[F]) conditional expectations can be applied to (A.4) to obtain M; = E[F]+
o Es[DF1dW,.

An intuitive derivation of this formula can be provided along the follow-
ing lines. Assume that F € D2, From the martingale representation the-
orem we have F = E[F] + fOT ¢s dW;. Taking the Malliavin derivative on
each side, and applying the rules of Malliavin calculus described above, gives
DiF = ¢ + ftT D, ¢s dW;. Taking conditional expectations on each side now
produces E,[D,F] = ¢, (given that Et[ftT DipsdW;] = 0 and ¢, is known
at t). Substituting this expression in the representation of F leads to (A.4).

The results above also show that the Malliavin derivative and the conditional
expectation operator commute. Indeed, let v > ¢ and consider the martingale
M closed by F € D'“2. From the representations for M and F above we ob-
tain DM, = [’ D,Es[DsF1dW; + E[D,F] and D,F = [ D,Es[D,F]dW; +
E;[D,F]. Taking the conditional expectation at time v of the second expres-
sion gives Ey[D,F] = ftv DEs[D F1dW, + E/[D,F]. As the formulas on the
right-hand sides of these two equalities are the same we conclude that D, M, =
E,[D,F]. Using the definition of M,, we can also write D,E,[F] = E,[D;F]: the
Malliavin derivative operator and the conditional expectation operator com-
mute.

A.6  The chain rule of Malliavin calculus

In applications one often needs to compute the Malliavin derivative of a
function of a path-dependent random variable. As in ordinary calculus, a chain
rule also applies in the Malliavin calculus. Let F = (Fy, ..., F,) be a vector of
random variables in D12 and suppose that ¢ is a differentiable function of F

measure is the measure such that the d-dimensional coordinate mapping process is a Brownian mo-
tion.
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with bounded derivatives. The Malliavin derivative of ¢ (F) is then,
n
dp
Dip(F) =) Pl

i=1

where (’;—f(F ) represents the derivative relative to the ith argument of ¢.

A.7 Malliavin derivatives of stochastic differential equations

For applications to portfolio allocation it is essential to be able to calculate
the Malliavin derivative of the solution of a stochastic differential equation
(SDE) (i.e. the Malliavin derivative of a diffusion process). The rules of Mallia-
vin calculus presented above can be used to that effect.

Suppose that a state variable Y; follows the diffusion process dY, =
/.LY(Yt) dt + oY (Y,) dW; where Y is given and oY (Y;) is a scalar (W is single
dimensional). Equivalently, we can write the process Y in integral form as

t t

y, = Y0+/MY(Ys)ds+/aY(Ys>dm.
0 0

Using the results presented above, it is easy to verify that the Malliavin deriva-
tive D, Y satisfies

N
D,Ys = DYy +/(9MY(YU)D,YU dv

t
N

+ / da¥ (Yo)Di Yy dWy + o(Y).
t
As D;Yy = 0, the Malliavin derivative obeys the following linear SDE

d(D,Yy) = [ouY (Y5) ds + da¥ (Yy) AW,](D, Yy) (A5)

subject to the initial condition lims_,; DYy = oY (Y)).

If oY (Y;) is a 1xd vector (W is a d-dimensional Brownian motion) the same
arguments apply to yield (A.5) subject to the initial condition lims_,; D; Yy =
o (Y;). In this multi-dimensional setting do¥ (Yy) = (&alY(Ys), ey o”(rj’(Ys))
is the row vector composed of the derivatives of the components of o¥ (Yy).
The Malliavin derivative D, Yy is the 1 x d row vector DYy = (Dy,Ys, ...,
Ddt Ys).

A.8  Stochastic flows and tangent processes

For implementation purposes it is useful to relate the Malliavin derivative
to the notion of stochastic flow of a stochastic differential equation and the
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associated concept of a tangent process. These notions have been explored by
various authors including Kunita (1986) and Malliavin (1997).

A stochastic flow of homeomorphisms (or stochastic flow for short) is an
R9-valued random field vy, w): 0<t<v<T, ye R4} such that for
almost all @

(a) ¢,u(y) is continuous in ¢, v, y,

() You(Wrv(¥) = P u(y) forallt <v<uandyeRY,

(c) Yr(y)=yforanyt < T,

(d) the map: ¢, ,:R? > R? is a homeomorphism for any ¢, v.!

An important class of stochastic flows is given by the solutions of SDEs of
the form

dY, = u¥ (Yo dv+ oY (Yy)dW,, velt,T]; Yi=y.
The stochastic flow ¢ ,(y, w) is the position of the diffusion Y at time v, in
state w, given an initial position Y; = y at time ¢. A subclass of stochastic
flows of homeomorphisms is obtained if ¢y : R? > R4 is also required to be
a diffeomorphism.’> A element of this subclass is called a stochastic flow of
diffeomorphism. For a stochastic flow of diffeomorphism determined by the

solutions of an SDE, the derivative V; i, .(y) with respect to the initial con-
dition satisfies

d
d(Veyiio(y)) = (myam dv+ Y d0) (Yy) de’)Vt,ywt,v,
j=1
velt, T, (A.6)

subject to the initial condition V; i (y) = I4. The process Vi yi; .(y) is
called the first variation process or the tangent process.
A comparison of (A.5) and (A.6) shows that

DYy = Dihrv(y) = Veyhro(Mo? ().

The Malliavin derivative is therefore a linear transformation of the tangent
process.

Appendix B. Proofs

Proof of Proposition 1. Recall that the deflated optimal wealth process is given

by & X} = E,[ftT &Iy &y, v)Tdv + EpJ(y*€r, T)T]. Applying Itd’s lemma

14 A function is a homeomorphism if it is bijective, continuous and its inverse is also continuous.
15 A diffeomorphism is a map between manifolds that is differentiable and has a differentiable inverse.
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and the Clark—-Ocone formula to this expression shows that

ng;ﬁ'iT;k/O'z — ftX;k0;

T
=-E; |:/ EZI(V €y, v)dv+ E7 2 (Y éT, T):| 6,
t

T
—E, |:/ EZ1(y év, VH, , dv + é7Z5(y*éT, T)Hé,T}
t

where

Zi(y &, v) = 1(y &, )T + Y &I (Y 0, V11 g0 0) 3005
Zy(y*er, T) =T ér, T + y* &l (v ér, T)yrer, 1)>005
v v
H;,v = /('Dﬂ’s + OQDZBS) ds + / dI’VS/ - D, 6
t t

and Dyry, D, 0 are the Malliavin derivatives of the interest rate and the market
price of risk. The chain rule of Malliavin calculus (Section A.6), along with the
results for Malliavin derivatives of SDEs (Section A.7) now lead to (2.16) and
(2.17).

From the definition of optimal wealth X*, it also follows that

T
X - E,|:/ EtvZ1(y* v, v) dv+ &7 Zo (Y éTs T)] = —E[Dy 1]
t

where
T
Dt = / Eo (Y ENT (Y €, V)1 (1(y*¢,,0)>0; dV
t
+ ET YV EDT Y Er, T yrer, )00
so that,

Xt*7T;k/O't = _Et[Dt,T]ei‘
T
~E { f EvZ1 (Y Ey, VH, , dv+ &1 Z0(y T, T)H;,T}.
t

Transposing this formula and identifying the first term with 7} and the second
with 75 leads to the formulae in the proposition. O
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Proof of Corollary 1. For constant relative risk aversion u(c, t) = n,c!=R/
1—-R)andUX,T) = nTXl_R/(l — R), with n; = exp(—t), we obtain the
functions,

I(yéy,v) = &uo/m) VR, T(ér, T) = (yér/nr) VK,
y&I' (y€y, v) = —(1/R)(yéy/m0) VR = —(1/R)I (y&y, v),
yérl' (yér, T) = —(1/R)(yér/np) VR = —(1/RVI (yér, T),
Z1(yéy,v) = (1 = 1/R)I(yéy, v),

Zr(yér, T) = (1 =1/R)J (yér, T).

The formulas in the corollary follow by substituting these expressions in the
policies of Proposition 1. O

Proof of Proposition 2. Note that the optimal consumption policy (2.18) satis-
fies the budget constraint

T
Ez|:/ E (Y &y, V)T dv+ &I (Y EénT, T)+:| = X7. (B.1)
t

Given the regularity conditions on preferences, the function Z(¢, y, Y;) defined
for y > 0 as

T
I(t,y, Yy = Et|:/ Eol (Yérv, V)T dv+ & 10 (YérT, T)+:| (B.2)
t
has an inverse y*(¢, X, Y;) that is unique and satisfies

T
Ez|: / Ed (Y (8, X7, Yo by, v) " do+ & 7T (V¥ (6, X7, Y& T, T)*]
t

= X7. (B.3)

We conclude that y*¢; = y*(¢, X[, Y;) P-a.s. Substituting the shadow price of
wealth at time ¢, i.e. y*(¢, X}, Y;), and the optimal consumption policy (2.18)
in the objective function yields

T
V(t7 X;ka Yt) = El’|:/[u OI+](y*(t’ X;k7 Yl‘)gl‘,va U) dU
t

+[U o JT1(y (1, X;‘,Yz)fz,T,T)}- (B:4)
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Taking derivatives with respect to X/ in (B.4) and using y*&; = y*(¢, X}, Y;)
gives

Vx(taX;k:Yt)=Et[Dt,T]07xy*(taXz*7Yt)> (BS)

where D; r is defined in (2.21). Differentiating both sides of (B.3) with respect
to wealth produces

é’xy*(t, X;ka YZ) _ 1

E:[D =
l[ l‘,T] y*(t,X;k,Yt) 9

(B.6)
so that

V;C(taX;:’Yt)zy*(taX;k’Yl‘) (B7)

This establishes (2.28). Furthermore, taking logarithmic derivatives on both
sides of (B.7) and using (B.6), establishes (2.29).

Finally, differentiating (B.3) with respect to the state variables and using
Y& = y*(t, X[, Y;) gives

T
Et|:/ Zl(y*gv, U)Vt,ygt,v dv+ ZZ(y*fTa T)vt,ygt,Tj|

t
(?yy*(t7 Xz*a Yt) _

E;[D =0
+ E¢[D; 7] Ve, X7, Y)) >

and, as [Vyy/VixI(t, X7, Y;) = [dyy*/dxy*1(t, X}, Y}), with the aid of (2.29)
and (B.7), we obtain

T
I/xy(t’ X*a Yl)
— xx(t, )};“’ Yt) = Et }/gl,vzl(y*é‘:v’ U)Vl,y IOg ft’v dv

+ &1 Z0(y ér, T)Vy,ylog ft,T:|, (B.8)

where V; ), log¢; . is the tangent process of logé;. (see Appendix A). In a
Markovian setting the first variation process and the Malliavin derivative are
linked by V y log §,)vay(t, Y:) = D;log & and Dy logé, . = —H;,, The rela-
tion (2.30) follows. O
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Proof of (3.12)—(3.13). The limits of interest are found as follows. The defini-
tion of the optimal wealth process

t+h t+h
X*

t+h—X;k+/c;§dv: /rvX;‘dv
t t
t+h

+ / X:(”T:)/[(Mv —nlg)dv+ oy de]
t

and the It6 formula

t+h
<X;‘+h—xt*+ / c:;dv)(mh—m
t
t+h

- / (Wy — W) (dX? + & dv)
t

t+h v

+/<Xj—X,*+/c§‘ds>de/

t t

t+h
+ / X¥(m) oy dv
t

lead to

t+h
[y s

- +h
t+h
=E; / Wy — W) (dX + c; dv) +/ Xx(m) oy dv:|
t
L ¢

~ t+h
_E, / (W — W) (ro X2+ XY (i — 1l )

-1

+ X:(W;f)’av) dv:|
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and the limit

t+h
1
lim _Et|:<Xt*+h - X+ / cy dv)(WHh _ VVI)C| = X} (7)) oy.
h—0 h
! (B.9)
Using E[ X7 (Wi, — W11 =0,

1 t+h
([ o]

t

and

E; [X;:_h(VVt-i-h - VVz)/]

E(E i nlFin, 7Y Wign — W2)']
= E(Eiin[FrontWipn — W]
=Ei[Frin1Wesn — W],

with Fyyp 7 = ftih Erpn,wCy dv+ & 7 X7, enables us to rewrite (B.9) as
1
Xi(m)) oy = hhmo EEI[FH»h,T(I/VH»h - W] (B.10)

This establishes (3.14). To get (3.15) expand the coefficient F,yj 1 as

T

Fionr = / Erpnpey dv+ Epn 7 XT
t+h

T
= <f Et0C) dv"’fz,TX;)fH»h,t

t+h
t+h

= <Ft,T - / ft,vC: dU) §t+h,t
t

and substitute in (B.10) to write

*\/ : 1 !
Xi(m)) o = hhino —E(FrinrWepn — W]

h
. t+h
= flzl—>n}) EE1|: <Ft,T - / ey dv) EtrntWipn — Wz)/i|
t

o1
= lim —Et[Ft,T§t+h,t(I’Vt+h - I/Vt)/]
h—0 h
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h—0 h

r+h
o1 "
— lim —Et|:(/ & vC, dv) Ervn,Wign — I/Vt)/:|- (B.11)
t

Another application of the integration by parts formula

t+h
Ez|:(/ Er0C dv) Etvn,tWign — I/Vt)/:|
t

t+h t+h

t+h
=Et|:</§t,vczdv)</§v,tdm+ /(Wv_th)/dfv,t
t t t

t+h

+ f A, fv,t])}

t
shows that
t+h

1 ,
hhg%) EE[|:( / ft,vC:; dv) §z+h,t(Wz+h ) :| =0

t
and (B.11), therefore, becomes

.1
Xi(7)) or = }lllmo EEI[Ft,Tgt-i-h,t(VVt—i-h - W]

which corresponds to (3.15).
For the third expression (3.16) use the forward and backward representa-
tions of optimal wealth

t t
EX7 + fo £oct dv = Xo + /0 £ X (Y o — 0) AWy = E([Fo.1]
to derive

E([En[Fo, 71 (Wipn — Wo)']
- t+h

=E <XO + / va;f((W;)/‘Tv - 0;;) de)(I’VH-h - I’Vt)/:|
0

~

-, t+h

=E ( / & X ((m) oy — 6)) d%)(Wt+h - Wt)’:|
0

— t+h
—E, f E X ((m) ay — 0;)/dv:|.
=t
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From this equality and E/[E,,[Fo, 71(Wisn — W) = E[Fo, 7 (Wi — W], it
follows that

1
lim = Ei[Fo.r Wy = W] = &X7 (o/(m) = 60).
Substituting E;[Fo 7 (Wi, — W)l = EEJNF, 7 (Wipn, — Wy)] on the left-hand
side we conclude that

.1
X = (o))~} (X,*Ot + }111_% ZEI[FI?,T(VVH-h - Wz)]) (B.12)
thereby establishing (3.16). O

Proof of Proposition 3. See Theorem 4 and Corollary 2 in Detemple et al.
(2005¢). O

Proof of Proposition 4. The functions g where (i,a) € {1,2} x {MV, H}
satisfy the conditions of Theorem 1 in Detemple et al. (2005d). The result fol-
lows. O

Proof of Proposition 5. The introduction of functions f;, i € {1, 2}, puts the
problem into the setting of Theorem 2 in Detemple et al. (2005d). The propo-
sition follows from their result. O

Proof of Proposition 6. The portfolio allocation problem is formulated so as
to permit the application of Theorem 3 in Detemple et al. (2005d). The result
of the proposition follows immediately. O
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