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Abstract 
We combine high-frequency stock returns with risk-neutralization to extract the daily 
common component of tail risks perceived by investors in the cross-section of firms. 
Our tail risk measure significantly predicts the equity premium and variance risk pre
mium at short horizons. Furthermore, a long–short portfolio built by sorting stocks 
on their recent exposure to tail risk generates abnormal returns with respect to stan
dard factor models. Incorporating investors’ preferences via risk-neutralization is 
fundamental to our findings: the predictive power of the physical tail risk is weaker 
and generally subsumed by its risk-neutral counterpart.
Keywords left-tail risk, return predictability, factor models, risk-neutralization, high-frequency data. 
JEL classifications C58, G12, G17. 

1. Introduction
Left-tail risk is a pervasive feature of financial markets. As such, a large body of work has in
vestigated its role in determining asset prices. Taken together, the empirical evidence indi
cates that compensation required by investors for bearing tail risk is fundamental to explain 
aggregate market risk premia and the cross-section of stock returns at relatively low frequen
cies (monthly or longer).1 This evidence is based on a number of different tail measures. In 

1  The risk of extreme left tail shocks to fundamentals has also been an important ingredient in equilibrium 
models to help rationalize asset pricing stylized facts that are puzzling from the perspective of traditional 
macro-finance models (Barro 2006; Gabaix 2012; Wachter 2013).
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particular, information can be extracted either from stock prices (e.g., Bali, Demirtas, and 
Levy 2009; Kelly and Jiang 2014), reflecting risk under the physical or statistical measure un
der which prices are observed, or from option prices (e.g., Andersen, Fusari, and Todorov 
2015; Bollerslev, Todorov, and Xu 2015), capturing tail risk under the risk-neutral measure in
corporating investors’ preferences.

In this article, we propose a new tail measure available at a daily frequency, which allows 
us to investigate the short-term effects of tail risk on asset prices. We first estimate the com
mon tail risk component of a large cross-section of intra-day stock returns on day t, λP

t , using 
the Hill (1975) power law estimator. This essentially adapts the tail index by Kelly and Jiang 
(2014) to a high-frequency environment. Then, we introduce a novel version of the Hill esti
mator, λQ

t , that relies on risk-neutralized returns. More specifically, we apply a nonparametric 
adjustment to the cross-section of stock returns on day t where “bad” states of nature, repre
sented by states of high marginal utility, are overweighted to reflect investors’ compensation 
for risk. The dynamics of the physical and risk-neutral Hill estimators differ substantially as 
compensation for risk varies over time.

Our approach overcomes two main challenges. First, extreme events are infrequently ob
served by definition. This limits the information available from the time series of a single as
set such as the market index. Second, option maturities are relatively long compared to 
intra-daily events, which makes it difficult to measure the tail risk specific to day t using op
tion prices.2 By using high-frequency data on one of the largest cross-sections of stock 
returns available, we are able to extract information about the level of tail risk at day t from 
the individual extreme events experienced by different stocks. Furthermore, our 
risk-neutralization allows to obtain a tail measure incorporating the economic valuation of 
tail risks by investors, which otherwise would only be possible using option prices (see, e.g., 
Aït-Sahalia and Lo 2000).

Our objective is to analyze how risk premia at future short horizons respond to tail risk em
bedded in the cross-section of intra-day stock returns on day t. Our central hypothesis is that 
investors are tail risk averse, demanding higher risk premia when both the level of tail risk 
and their aversion to it increase. Both components—risk and risk prices—are naturally incor
porated in λQ

t , which takes into account investors’ preferences. In contrast, the physical mea
sure of tail risk, λP

t , can be high (low) while tail risk aversion is low (high), particularly when 
extreme negative returns occur in states of low (high) marginal utility. Consequently, if our 
risk-neutralization procedure is effective, we should expect λQ

t to exhibit stronger predictive 
power for risk premia than λP

t .3

In our empirical analysis, we consider each of our tail risk measures (λP
t and λQ

t ) in order to 
assess the information content of investors’ economic valuation of tail risk. Interestingly, 
both tail measures are weakly correlated with volatility-based measures. This is because the 
Hill estimator captures the thickness of the left tail after taking into account the effect of vol
atility.4 Moreover, λQ

t is usually greater than λP
t , which reflects the fact that investors are 

averse to downside risk. However, this difference varies over time and is particularly large 
during financial crises. In other words, investors are especially afraid of extreme negative 
events during periods of market distress.

2  Zero days-to-expiration (0DTE) option contracts are an exception (see, e.g., Bandi, Fusari and Ren�o 2023; 
Almeida, Freire, and Hizmeri 2024). However, as of now, the sample for which these options are available at 
a daily frequency (from May 2022 onwards) is still rather limited.

3 In our risk-neutralization, negative stock returns observed during intra-daily intervals with negative (posi
tive) systematic factor returns are over (down) weighted to reflect high (low) marginal utility.

4  Gormsen and Jensen (2024) document a similar pattern for longer horizons: tail probabilities defined based 
on a time-varying threshold that depends on the conditional volatility are mostly pro-cyclical.
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We start by examining the short-term relation between the tail measures and the equity 
premium with 1 day, 1 week, and 1 month ahead daily predictive regressions. We find that 
the risk-neutral tail risk positively predicts excess market returns, with statistical significance 
for all horizons considered. This is consistent with the idea that investors are averse to tail 
risk, such that they require higher returns to hold the market when tail risk and their aversion 
to it increase. In contrast, λP

t only has predictive power for the 1-month horizon. When both 
measures are included, λQ

t remains a significant predictor of market returns, while λP
t 

becomes insignificant. We also consider a fully out-of-sample predictive exercise. Again, risk- 
neutral tail risk consistently predicts excess market returns across all horizons, while its 
physical counterpart only contains information about the 1-month horizon or longer. 
Importantly, exploiting this predictability in a portfolio choice problem generates substantial 
utility gains for a mean–variance investor.

The predictive power of λQ
t for the equity premium is robust to controlling for several alter

native predictors, such as realized risk measures obtained from high-frequency returns and 
option-implied tail risk measures. In fact, the risk-neutral tail risk is the strongest predictor 
of future excess market returns among the controls. The only exception is the variance risk 
premium (Bollerslev, Tauchen, and Zhou 2009), which provides even stronger explanatory 
power and drives out the effect of λQ

t at the 1-day horizon. This indicates that the variance 
risk premium helps explain variation in future excess market returns not only at lower fre
quencies, as previously shown in the literature, but also in the short-term.

The variance risk premium should, nonetheless, be largely explained by investors’ aversion 
to downside risk (Bollerslev, Todorov, and Xu 2015). Accordingly, our λQ

t measure strongly 
predicts the variance risk premium with a positive sign across all horizons considered, mean
ing that investors demand higher compensation for bearing market variance risk when risk- 
neutral tail risk is higher. The physical tail risk is also useful for predicting the variance risk 
premium. However, when we include both tail measures in the predictive regressions, only 
λQ

t remains significant. Such predictability also survives the inclusion of and is the strongest 
among several controls, such as realized and option-implied measures of continuous and 
jump variation. In other words, the perception of tail risk extracted from the cross-section of 
high-frequency returns is highly informative about the future variance risk premium in the 
short-term.

While λQ
t predicts aggregate market risk premia, our main contribution is to show that 

short-term tail risk is priced in the cross-section of stocks. To do so, for each of our tail meas
ures, we build a long–short portfolio by sorting stocks each month on their recent exposure 
to the measure, based on contemporaneous daily regressions.5 The tail factor constructed 
from λQ

t generates statistically significant average returns that cannot be explained by stan
dard factor models, where stocks with high exposure to tail risk have high hedging capacity 
and are thus highly priced, yielding subsequent low returns. In contrast, λP

t leads to insignifi
cant spreads in returns, that is, only the short-term exposure to tail risk as perceived by 
investors explains differences in expected returns across stocks. This evidence is further con
firmed with Fama–MacBeth regressions, including a large set of relevant controls. Finally, 
given the importance of the variance risk premium in predicting the equity premium, we use 
conditional double sorts to investigate whether controlling for it can account for the cross- 
sectional effects of λQ

t . We find that sorting on λQ
t yields highly significant average returns 

5  In contrast to papers focusing on high-frequency factors and continuous-time asset pricing models (e.g., 
Bollerslev, Li, and Todorov 2016; Aït-Sahalia, Kalnina, and Xiu 2020; Pelger 2020), we build a factor at the 
usual monthly horizon by sorting stocks on their exposure to a daily tail measure obtained from high- 
frequency returns.
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and alphas regardless of the variance risk premium quintile, reinforcing the complementarity 
between the two measures.

We conduct a comprehensive battery of robustness tests to show that our conclusions re
main under alternative modeling choices, including: different thresholds to define the left 
tail in the return distribution, different hyperparameters related to our risk-neutralization 
procedure, excluding overnight stock returns, and accounting for cross-sectional and time- 
of-day patterns in volatility when calculating tail risk. The remainder of the article is orga
nized as follows. After a brief discussion of the related literature, Section 2 describes the 
methodology to construct our tail measures. Section 3 presents the data and the estimated 
tail measures, while Section 4 contains our empirical analysis. Section 5 concludes the 
article. Lastly, Appendices A and B contain the description of standardized measures and 
variable definitions, respectively.

1.1 Related literature
Our article is mainly related to the evolving literature on left-tail risk and investors’ compen
sation for such risk. Bollerslev and Todorov (2011), Bollerslev, Todorov, and Xu (2015), and 
Andersen, Fusari, and Todorov (2015, 2017) provide evidence that tail risk is an important de
terminant of the equity and variance risk premia using option-implied tail measures. 
Extracting information from stock prices, Bali, Demirtas, and Levy (2009), Kelly and Jiang 
(2014), and Almeida et al. (2017) show that tail risk predicts future market returns and macro
economic activity. Computing tail risk at the firm level, Ang, Chen, and Xing (2006), Bali, 
Cakici, and Whitelaw (2014), Chabi-Yo, Ruenzi, and Weigert (2018), Atilgan et al. (2020), and 
Bollerslev, Patton, and Quaedvlieg (2022) document significant cross-sectional relations be
tween tail risk and future stock returns. B�egin, Dorion, and Gauthier (2020) highlight the im
portance of tail risk in the pricing of idiosyncratic risk, and international evidence is provided 
by Andersen, Fusari, and Todorov (2020), Andersen, Todorov, and Ubukata (2021), and Freire 
(2021). We contribute by proposing a novel method to estimate the tail risk of day t, exploit
ing rich cross-sectional information from high-frequency stock returns, and documenting 
new short-term return predictability for the aggregate market and the cross-section, with 
particular focus on the role of incorporating investors’ preferences towards tail risk.

The closest work to ours is by Kelly and Jiang (2014), who propose the Hill estimator to 
compute the common tail risk component of a cross-section of stocks at a monthly fre
quency.6 We adapt their estimator to the daily frequency using intra-day returns and develop 
a new risk-neutral version, where we show that only the latter helps explain the equity pre
mium, the variance risk premium, and the cross-section of returns. Also closely related, 
Weller (2019) exploits the cross-section of intra-day bid and ask quotes to estimate tail risk 
and investigate predictability of jumps in high-frequency. We rely on the cross-section of 
intra-day returns and risk-neutralization to obtain the perception of tail risk and assess its 
role in determining risk premia over short horizons. Finally, Almeida et al. (2024) use high- 
frequency market returns to construct an expected shortfall premium that predicts 1-day- 
ahead market risk premia. We extract information about left-tail risk from intra-day extreme 
events across many stocks using the Hill estimator. We show that it predicts market risk pre
mia at different short horizons and investigate how short-term exposure to tail risk is priced 
in the cross-section.

6  In a very recent paper, Andersen, Ding, and Todorov (2024) also study tail risk from high-frequency stock 
returns, but focus on disentangling systematic and idiosyncratic jump risk, and only under the physi
cal measure.
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2. Methodology
In this section, we describe our approach to estimate left-tail risk at a daily frequency. Using 
a cross-section of intra-day stock returns, we first extract information about the common 
component of the tail risks of individual firms using the Hill estimator. Then, we introduce a 
new version of the Hill estimator that relies on risk-neutralized stock returns, thus taking 
into account the investors’ perception of risk in the estimation.

2.1 Hill estimator
Extreme events in financial markets are rare by definition. This makes it challenging to con
struct an aggregate measure of tail risk relying on a single asset such as the market index, 
since informative observations for the tail are infrequent. To overcome this issue, we follow 
Kelly and Jiang (2014) by adopting a panel estimation approach capturing common tail be
havior in the cross-section of individual stock returns. The identifying assumption is that the 
dynamics of the tail distributions of the firms are similar, so that extreme events in the cross- 
section allow us to extract the common component of their tail risk at each point in time.

More specifically, we assume that the left tail of the return distribution of asset i follows a 
power law structure.7 That is, its day t conditional left-tail distribution, defined as the set of 
extreme returns below some negative threshold ut, obeys the following: 

PðRi
tþ 1 < rjRi

tþ 1 < ut andF tÞ ¼
r

ut

� �− ai=λt

; (1) 

where r<ut<0 and F t is the conditioning information set.8 The parameter ai=λt is the tail expo
nent, which determines the shape of the tail distribution of asset i. The constant ai may be differ
ent across assets in the cross-section, implying that they can have different levels of tail risk. 
However, their dynamics are driven by a common time-varying component, λt. The higher the λt, 
the thicker the stock returns’ left tails and the higher the probabilities of extreme negative returns 
in the cross-section. Therefore, we refer to λt as our measure of aggregate tail risk.9

For each day t in our sample, we estimate the common tail risk component λt by applying the 
standard Hill (1975) power law estimator to the pooled cross-section of intra-day stock returns10: 

λP
t ¼

1
Kt

XKt

k¼1

ln
Rk;t

ut
; (2) 

where Rk;t is the kth high-frequency return that is below the threshold ut on day t, Kt is the to
tal number of returns that fall below this threshold within day t, and the superscript P 
denotes that returns are observed under the physical probability measure.11 The threshold 
ut represents an extreme quantile, determining that the observed returns below ut belong to 

7  See Kelly and Jiang (2014) for a detailed motivation of the use of a power law structure to model the left 
tail distribution of returns. In sum, for a large class of heavy-tailed distributions, the left tail converges to a 
generalized power law distribution.

8  r<ut <0 and ai=λt >0 guarantee that the probability ðr=utÞ
− ai=λt is always between 0 and 1.

9  In extreme value theory, the parameter λt is also often called the shape parameter, and its inverse 1=λt the 
tail index (see, e.g., Danielsson, 2011).

10  While Kelly and Jiang (2014) use daily returns to estimate tail risk at a monthly frequency, we rely on intra- 
day returns to obtain the tail risk specific to day t.

11  In the Hill formula, returns that fall below threshold ut are treated as the first Kt entries of Rt . This is without 
loss of generality since in the pooled cross-section the elements of Rt are exchangeable.
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the left tail and follow the power law structure. We define ut to be the first percentile of the 
return cross-section for each time period, which makes the threshold time-varying as the 
pooled intra-day return distribution changes from day to day.

2.2 Risk-neutral Hill estimator
The Hill estimator extracts the common tail risk component from the pooled cross-section of 
returns observed under the physical probability measure, where all observations are deemed 
equally likely to happen. In that sense, λP

t does not incorporate the true risks that are per
ceived by investors in financial markets. In particular, if investors are risk-averse, then “bad” 
states of the world where marginal utility is high should be overweighted to reflect compen
sation for risk. Since such states are precisely the ones that matter for the estimation of tail 
risk, the economic perception of the left tail of returns may be underestimated by the physi
cal Hill estimator. Moreover, its dynamics will also differ from that captured by λP

t , as com
pensation for risk demanded by investors varies over time depending on business conditions 
(see, e.g., Bliss and Panigirtzoglou 2004).

In order to incorporate investors’ compensation for risk in the estimation of left-tail risk, 
we propose a new version of the Hill estimator coupled with risk-neutralization. The idea is 
to tilt the physical measure such that systematic risk in the cross-section of stock returns is 
corrected for. This is possible by weighting observations with a pricing kernel, or stochastic 
discount factor (SDF), that correctly prices systematic factors of high-frequency stock 
returns. Motivated by Kozak, Nagel, and Santosh (2020), we rely on principal component 
analysis (PCA) to identify the systematic factors. They show that the absence of near- 
arbitrage opportunities implies that the SDF can be represented as a function of a few domi
nant principal components (PCs) of returns. This is also consistent with Pelger (2020), who 
uses PCA to document the presence of at least five systematic factors explaining the intra- 
day returns of individual stocks.

More specifically, we consider as systematic factors the top J PCs driving most of the intra- 
day return variation on day t. Our main analysis sets J¼ 7. In following Aït-Sahalia and Xiu 
(2017) and Pelger (2020), the factor loadings Λt are obtained as the eigenvectors associated 
with the J largest eigenvalues of the realized covariance RT

t Rt, where Rt denotes the panel 
matrix of the high-frequency log-returns of the stocks. The matrix of intra-day factor returns 
is then given by Ft ¼ RtΛt.

Let the vector Fn;t denote the return over the n-th intra-daily time interval on day t of the 
top J PCs of stock returns on day t. We work with an SDF that satisfies the Euler equations 
for the systematic factors: 

1
N

XN

n¼1
mn;tFn;t ¼ 0; (3) 

where 0 is a conformable vector of zeros and N denotes the total number of intra-daily obser
vations. We normalize the mean of the SDF to be one (1

N
PN

n¼1 mn;t ¼ 1).12 The pricing kernel 
tilts the physical measure 1=N to produce risk-neutral probabilities mn;t=N that overweight 
states with high marginal utility to reflect higher compensation for risk demanded by risk- 

12  This implies an implicit gross risk-free rate of one such that we can treat the net stock returns in the cross- 
section as excess returns.
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averse investors. That is, the SDF corrects for risk by risk-neutralizing asset returns with 
~Ri

n;t ¼mn;tRi
n;t. We discuss how to identify the pricing kernel in the next subsection.

To derive the risk-neutral Hill estimator λQ
t , we posit that the left tail of the risk-neutral re

turn distribution of each asset i in the cross-section also follows a power law structure. The 
estimator is then obtained by using the pooled cross-section of risk-neutralized returns in 
equation (2): 

λQ
t ¼

1
~K t

X~K t

k¼1

ln
~Rk;t

ut
: (4) 

Due to the risk-neutralization, negative stock returns observed during states of high (low) 
marginal utility get properly overweighted (downweighted) by values of the pricing kernel 
above (below) its mean one, reflecting compensation for risk. The difference between λQ

t and 
λP

t captures the additional tail thickness coming from investors’ risk preferences towards ex
treme negative events.

2.3 Risk-neutralization
The exact distortion of the physical measure, or correction for systematic risk in the cross- 
section of stocks, depends on the pricing kernel considered.13 Besides correctly pricing the 
factor returns, there are two important properties that the SDF must satisfy. First, it must be 
nonnegative in order to be consistent with no-arbitrage. This guarantees that the tilted risk- 
neutral probabilities mn;t=N constitute a proper probability measure. Second, it should incor
porate information about higher moments of the return distribution. This is important for 
modeling tail risk, since investors’ aversion to downside risk is related to negative skewness 
aversion (see, e.g., Schneider and Trojani 2015).

We follow the nonparametric approach developed by Almeida and Garcia (2017) to obtain 
a nonlinear pricing kernel satisfying the properties above. Their method consists in estimat
ing SDFs by minimizing a family of discrepancy loss functions (Cressie and Read, 1984) sub
ject to correctly pricing a set of returns. This approach is a generalization of Hansen and 
Jagannathan (1991), who show how to obtain a minimum variance SDF from data on asset 
returns. Almeida and Garcia (2017) consider more general loss functions that take into ac
count higher moments and imply nonnegative SDFs. Adapted to our context, the minimum 
discrepancy problem is given by: 

min
fm1;t ;...;mN;tg

1
N

XN

n¼1

mγþ 1
n;t − 1

γðγþ 1Þ
;

s:t:
1
N

XN

n¼1
mn;tFn;t ¼ 0;

1
N

XN

n¼1
mn;t ¼ 1;mn;t ≥ 08n;

(5) 

where γ 2R indexes the convex loss function in the Cressie and Read (1984) discrepancy 
family. This family captures as particular cases several loss functions in the literature, such 
as the Hansen and Jagannathan (1991) quadratic loss function when γ ¼ 1 and the Kullback– 
Leibler Information Criterion adopted by Stutzer (1995) when γ ! 0.

13  We consider the realistic case of an incomplete market, where there exists an infinity of pricing kernels that 
correctly price the systematic factors under no-arbitrage.
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Under the assumption of no-arbitrage in the observed sample, Almeida and Garcia (2017) show 
that solving equation (5) is equivalent to solving the simpler dual problem below, for γ<014: 

θ�γ ¼ argmax
θ2Θγ

1
N

XN

n¼1
−

1
γþ 1

ð1 − γθFn;tÞ
γþ 1

γ

� �

; (6) 

where Θγ ¼ fθ 2RJ : for n¼ 1; . . .;N; ð1 − γθFn;tÞ>0g. The minimum discrepancy SDF can 
then be recovered from the first-order condition of equation (6) with respect to the row- 
vector θ, evaluated at θ�γ : 

m�γ;n;t ¼ ð1 − γθ�γ Fn;tÞ
1
γ ; n ¼ 1; . . .;N: (7) 

The dual problem can be economically interpreted as an optimal portfolio problem for an in
vestor maximizing hyperbolic absolute risk aversion (HARA) utility, where θ�γ Fn;t is the endog
enous optimal portfolio of the systematic factors. The SDF m�γ;n;t is the marginal utility of the 
investor and will be higher for “bad” states of nature represented by negative realizations of 
the optimal portfolio of the factors.

For each γ, the solution θ�γ of the dual problem (6) leads to a different minimum discrep
ancy SDF. While by construction they all correctly price the systematic factor returns, they do 
so by representing distinct risk preferences. In particular, Almeida and Freire (2022) show 
that positive absolute prudence (Kimball 1990), which is related to aversion to downside risk 
and a convex marginal utility, is captured by γ<1. Moreover, the smaller the γ, the more 
aversion to downside risk is embedded in the SDF, where the pricing kernel gets more con
vex, putting more weight on extreme negative observations of the optimal portfolio 
returns.15 They also show that, for extreme negative γs (usually below − 5), the constrained 
maximization in the dual problem (6) may not have a solution. In order to successfully iden
tify a pricing kernel capturing aversion to downside risk, we choose the one associated with 
γ ¼ − 3 to calculate the risk-neutral Hill estimator.16

Overall, our tail measure λQ
t depends on three hyperparameters: the percentile of the 

cross-section used to define ut, the number J of stock PCs treated as systematic factors, and 
the parameter γ indexing the minimum discrepancy SDF. In Section 4.5, we show that our 
results are robust across different combinations of a wide range of choices, including percen
tiles 0.5, 1, and 5 for ut, J 2 f1;3;5;7;10g, and γ 2 f− 5; − 4; − 3; − 2; − 1;1g. Note that when 
J¼ 1 the implied SDF is akin to a CAPM SDF since the first PC essentially captures the market 
factor, while γ ¼ 1 yields a linear SDF (capped at zero to enforce no-arbitrage) with no prefer
ences for higher moments of returns.

Finally, we emphasize that, in line with most of the tail risk literature, we assume investors 
have rational expectations, meaning their beliefs B about possible states of the world coin
cide with the physical measure P. Under this assumption, the SDF obtained in equation (5)
reflects investors’ risk preferences embedded in the Euler equation. Consequently, λQ

t 

14  For γ>0, the problem is unconstrained with an indicator function in the objective function: 
1
N
PN

n¼1 − 1
γþ1 ð1 − γθFn;tÞ

γþ1
γ

� �

IΘγ ðFn;tÞðθÞ, where ΘγðFn;tÞ ¼ fθ 2 RJ : ð1 − γθFn;tÞ>0g and IAðxÞ ¼ 1 if x 2 A, 
and 0 otherwise. For γ ! 0, the problem is unconstrained and the objective function is exponen
tial: 1

N
PN

n¼1 − e − θFn;t .
15 Since the mean of the pricing kernel continues to be the same, this means that less weight is given to inter

mediary return observations.
16 Note that fixing γ to be the same across the sample does not rule out time-varying risk aversion, as the ab

solute risk aversion of the HARA investor, given by 1=ð1 − γθ�γ Fn;tÞ, will vary across different days as both Fn;t 
and θ�γ will change.
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incorporates information about both risk and risk prices, that is, about the likelihood of left- 
tail events and investors’ aversion to them. If, instead, the market is populated by a combina
tion of rational and behavioral investors, the SDF pricing the stock PCs could be driven by in
vestor sentiment (Kozak, Nagel, and Santosh 2018), giving λQ

t the alternative interpretation 
of capturing subjective beliefs about left-tail risks. Nonetheless, the fact that a simpler CAPM 
SDF specification, which is commonly used by investors in practice (Graham and Harvey 
2001), delivers similar results when used to risk-neutralize returns and construct λQ

t (see 
Section 4.5), supports the plausibility of our risk-based interpretation.

3. Data description and implementation details
3.1 Data
Our sample consists of 5-min returns for an unbalanced panel of 875 stocks between January 1996 
and December 2022. The data are obtained from Refinitiv Tick History. We sample the 5-min 
returns using the previous tick interpolation so that each stock has seventy-eight intra-day obser
vations on a given day. In addition, we incorporate the overnight return, yielding a total of seventy- 
nine observations per day.17 We apply standard filters and cleaning procedures to the data.18 In do
ing so, on any given day, we remove any stocks for which the number of nonzero returns is smaller 
than thirty-five observations.19 To illustrate the impact of this filter, figure 1 plots the average num
ber of stocks per year with at least thirty-five nonzero returns per day. As can be seen, this filter 
has a bigger impact during the years prior to the decimalization of the stocks (April 9, 2001), 
whereas after this period, the filter mostly eliminates stocks around holidays.

Throughout the article, we use data on market returns, risk factors, and uncertainty measures. 
The five factors of Fama and French (2015), the momentum factor, and the risk-free rate are 
obtained from Kenneth French’s website. The liquidity factor of P�astor and Stambaugh (2003) is 
available from Lubos Pastor’s website. The VIX index is obtained from the Chicago Board Options 
Exchange (CBOE), while the left-tail volatility (LTV) and the right-tail volatility (RTV) proposed by 
Bollerslev, Todorov, and Xu (2015) are computed by ourselves.20 The LTV and RTV capture, respec
tively, the option-implied risk-neutral expectation of return volatility stemming from large negative 
and positive price jumps. Using high-frequency market returns sampled every 5 min obtained from 
TickData Inc, we compute measures of the realized variance (RV), realized skewness (RSK), realized 
kurtosis (RK), and jump variation (JV) of the S&P 500 index (Andersen et al. 2001, 2003; Barndorff- 
Nielsen and Shephard 2004; Amaya et al. 2015). Using daily market returns, we further calculate 
the reversal (REV) of Jegadeesh (1990) and Lehmann (1990), momentum (MoM) of Jegadeesh and 
Titman (1993), and maximum (Max) and minimum (Min) daily return (Bali, Cakici, and Whitelaw 
2011) for the market over the previous week.

We also compute the variance risk premium (VRP) as the difference between the risk- 
neutral and physical expectations of the market return variance (e.g., Bollerslev, Tauchen, 
and Zhou 2009; Bekaert and Hoerova 2014). We define the VRP on day t as the squared VIX in
dex (scaled to the monthly level) minus the physical conditional expected value of the future 

17  Results are similar without including the overnight return, as shown in Section 4.6.
18 To formally exclude the impact of microstructure noise, we have performed the Hausman tests for micro

structure noise and first-order serial correlation of Aït-Sahalia and Xiu (2019), for each stock and each day. 
The tests reject any significant presence of microstructure noise and first-order serial autocorrelation in 
the returns.

19  Although this filter mitigates the impact of zero returns (see, e.g., Bandi, Pirino, and Ren 2017, Bandi et al. 
2020), our results are robust to setting the threshold for nonzero returns to twenty or fifty observations (see 
Section 4.6).

20  We thank Viktor Todorov for making his code available.
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monthly realized variance computed using the HAR model of Corsi (2008). Appendix B con
tains the detailed definitions of the variables we use.

Finally, for our cross-sectional analysis, we obtain the returns and prices for all ordinary 
common stocks (share codes 10 and 11) from the Center for Research and Security Prices 
(CRSP) for the period spanning January 1996 to December 2022. In line with the literature, we 
remove all penny stocks with prices less than five dollars. In the Supplementary Appendix 
Section OA.5, we show that our results are robust to an even more conservative filter, further 
removing relatively illiquid stocks with market capitalization smaller than the tenth percentile.

3.2 PCs and risk-neutral estimates
As described in Section 2, for a given day t in our sample, we first extract the top PCs explain
ing most of the variation in the high-frequency panel of stock returns. The PCs are them
selves returns of portfolios of the original stocks. Figure 2 plots the average over each day of 
our sample of the percentage of variance explained by each of the first ten PCs. The first PC 
(PC1) explains nearly 30 percent of the variation in the stock returns. In our data, PC1 is al
ways a level factor with positions of similar magnitude across stocks. In other words, as it is 
usually the case, PC1 can be interpreted as a market factor. The remaining PCs are long– 
short portfolios of the original stocks.21 The top-five, seven, and ten PCs together explain 
around 52, 60, and 65 percent of the return variation across the stocks’ returns, respectively.

Then, we estimate the SDF for each day t using the seventy-eight intra-day returns and the 
overnight return of the top-seven PCs. Given that PC1 can be seen as the market factor, we 
impose the economic restriction of a 5 percent lower bound on the annualized equity pre
mium, following Almeida and Freire (2022).22 While results are similar compared to those 

Figure 1 Yearly average number of stocks. 

Note: The figure depicts the yearly average number of stocks used to compute the tail risk measures. These 
stocks have at least thirty-five nonzero returns per day.

21  Pelger (2020) shows that such higher-order PCs explaining high-frequency stock returns can be interpreted 
as industry portfolios for specific industries such as oil, finance, and electricity.

22 For each day t, we impose that the average return of PC1 is at least 5 percent above the risk-free rate, in an
nualized terms. That is, we shift the mean of PC1 to the lower bound when the bound is binding.
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where this restriction is not imposed, we keep it because it is economically sound to consider 
a lower bound on the equity premium (Campbell and Thompson 2008; Pettenuzzo, 
Timmermann, and Valkanov 2014; Martin 2017). This restriction is only imposed for the esti
mation of the SDF. For the remaining PCs, we do not impose any restrictions.

To illustrate how the SDF distorts the physical measure, figure 3 plots the estimated risk- 
neutral probabilities (mγ;n;t=N) for various values of γ and the physical probabilities (1=N) for 
a random day in our sample. The observed patterns are representative of other dates. As can 
be seen, the risk-neutral measures give more probability weight to negative returns of the 
optimal portfolio of PCs and less weight to positive returns compared to the physical mea
sure. This reflects agents’ risk aversion: investors require more compensation (i.e., the SDF is 
higher) for “bad” states of the world. In the estimation of tail risk, this is such that negative 
stock returns, observed during intra-daily intervals for which the optimal portfolio of system
atic factors experiences negative (positive) returns, get overweighted (downweighted) to re
flect more (less) compensation for risk. The relative compensation for risk in the left tail of 
the optimal portfolio returns depends, in turn, on the aversion to downside risk. The smaller 
the γ, the more averse to downside risk (or, equivalently, the more prudent) the investor is, 
and the greater the weights to negative returns under the risk-neutral measure are. For 
γ ¼ 1, prudence is zero and the SDF is linear. We use the SDF associated with γ ¼ − 3 as our 
baseline specification.

3.3 Tail risk estimates
We estimate the tail risk measures λP

t and λQ
t as detailed in Section 2, using the set of intra- 

day return observations of all stocks available for each day t. The upper panels of figure 4
plot their 1-month moving averages, for ease of exposition. The measures share some simi
larities. In particular, neither λP

t nor λQ
t behave like usual volatility-based risk measures. In 

fact, the physical tail risk even decreases during the global financial crisis of 2008. To under
stand this pattern, the left lower panel of figure 4 reports the time-varying threshold ut (in 

Figure 2 Explained variation of principal components. 
Note: The figure depicts the time series average of the percentage of explained variance in the panel of intra- 
day stock returns by the top-ten PCs (in blue bars) and the accumulated percentage of explained variance (in 
red). The sample ranges from January 1996 to December 2022.
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absolute value), that determines where the left tail begins in the Hill estimator. As can be 
seen, ut resembles a volatility measure, peaking during periods of market distress. The tail 
risk measures λP

t and λQ
t can thus be thought of as capturing the thickness of the left tail after 

taking into account the effect of volatility. As Kelly and Jiang (2014) note, a fixed percentile 
(of 1 percent of the return cross-section of time t) is used to define ut exactly for this reason: 
if volatility increases but the shape of the return left tail is unchanged, an increase of the 
threshold (in absolute value) absorbs the effect of volatility changes and leaves estimates of 
the tail exponent unaffected.23

Even though the tail risk measures λP
t and λQ

t display similarities, they are still fundamen
tally different. The right lower panel of figure 4 plots the difference between the risk- 
neutral and physical tail measures. As would be expected, λQ

t is usually above λP
t , reflecting 

the fact that investors are averse to downside risk. However, the additional thickness of 
the left tail coming from risk compensation required by investors varies substantially over 
time. In particular, λQ

t − λP
t tends to peak during crisis periods. This suggests that, even 

though financial crises are not necessarily associated with higher physical tail risk, they are 
associated with a higher compensation demanded to bear tail risk. In other words, invest
ors are especially afraid of extreme negative events during periods of market distress.

Table 1 reports summary statistics of and correlations among λP
t , λQ

t , jutj and realized and 
option-implied measures of return variation. The results in the table afford three main con
clusions. First, the tail measures have a relatively small correlation of 33.2 percent, reinforc
ing that they capture substantially distinct information over time. Second, both λP

t and λQ
t 

Figure 3 Minimum discrepancy risk-neutral probabilities. 
Note: The figure depicts the minimum discrepancy risk-neutral probabilities for various values of γ and the 
physical measure (π ¼ 1=N) for the seventy-nine intra-daily endogenous portfolio returns (θ�γ Fn;t) for a random 
day in our sample.

23  In unreported tests, we calculate λP
t and λQ

t with a constant threshold ut ¼ u and find that both measures 
behave like volatility-type measures. This indicates that defining ut as a fixed percentile of the return cross- 
section is instrumental to isolate the effects of volatility from the shape of the left tail. For a similar discus
sion for longer horizons, see the recent paper by Gormsen and Jensen (2024).
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are weakly correlated with and less persistent than volatility risk measures, whereas (the ab
solute value of) ut has a strong positive correlation with these measures and is highly persis
tent. This is consistent with the fact that the time-varying threshold ut controls for the effect 
of volatility in the calculation of λP

t and λQ
t . Third, the risk-neutral tail measure is more vola

tile than the physical one, which reflects its dependence on variation not only in the level of 
tail risk, but also in investors’ aversion to tail risk.

Finally, the high-frequency nature of our tail measures allows them to react swiftly to 
market news and capture key economic events. Figure 5 illustrates this by plotting λQ

t dur
ing the global financial crisis, alongside annotations of significant events. We can observe 
sharp spikes in tail risk during pivotal early events, such as the Bear Stearns bailout and 
the IndyMac Bank failure. Interestingly, tail risk does not surge as dramatically during the 
Lehman Brothers collapse, suggesting that after adjusting for volatility, this event did not 
substantially increase the probability of extreme negative returns. The peak in λQ

t occurs 
on November 20, 2008, when the Dow Jones hit a 5-year low. Subsequent interest rate cuts 
and government stimulus packages are followed by declines in tail risk, which returns to 
low levels as the crisis stabilizes. The bottom panel depicts the difference between λQ

t and 
λP

t during the same period. The patterns are similar to those of the top panel, indicating 
that events associated with high tail risk were also linked to heightened tail risk aversion. 
The main difference is that, while the collapse of Lehman Brothers did not cause a signifi
cant spike in the level of tail risk, it did lead to an increase in the compensation required to 
bear that risk.

Table 1 Summary statistics.  
Note: The table reports, in Panel A, the mean, median, 5th, and 95th percentiles, and the standard 
deviation of the physical tail risk index (λP

t ), the risk-neutral tail risk index (λQ
t ), the absolute value of the 

threshold (jutj), the realized variance (RVt) estimated using 5-min intra-day returns, the Jump Variation 
(JVt) estimated as the difference between the RV and the bipower variation of Barndorff-Nielsen and 
Shephard (2004), the left-tail volatility (LTVt), and the right-tail volatility (RTVt) of Bollerslev, Todorov, 
and Xu (2015). Except for λP

t and λQ
t , all variables are in percentage terms, and LTVt and RTVt are 

annualized. Panel B reports in the off-diagonal the correlation of each pair of variables and in the main 
diagonal the AR(1) coefficient. The sample ranges from January 1996 to December 2022.

λP
t λQ

t jutj RVt JVt LTVt RTVt

Panel A: Summary statistics
Mean 0.409 0.617 0.903 1.072 0.074 8.096 0.234
Median 0.408 0.618 0.523 0.544 0.019 7.183 0.134
5th percentile 0.300 0.328 0.218 0.088 0.000 4.038 0.010
95th percentile 0.524 0.897 2.443 3.333 0.288 14.983 0.772
St. Dev. 0.070 0.170 1.723 2.173 0.248 3.714 0.292
Panel B: Correlations and AR(1) coefficients
λP

t 0.396 0.332 0.082 0.109 0.061 0.104 −0.164
λQ

t 0.308 0.212 0.200 0.123 0.175 −0.141
jutj 0.756 0.588 0.266 0.347 −0.070
RVt 0.681 0.525 0.472 −0.064
JVt 0.113 0.178 −0.031
LTVt 0.900 −0.055
RTVt 0.644
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4. Empirical results
This section provides empirical evidence of the information content of our tail risk measures 
for asset prices in the short-term. We document the predictive power of the tail measures in 

Figure 5 Tail risk measure during the global financial crisis. 
Note: The figure plots the 5-day moving average of the risk-neutral tail risk index during the 2008–2009 financial 
crisis (A) and the difference between the risk-neutral and physical tail risk during the same period (B). Key 
events are annotated with red dashed lines at their respective dates.
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forecasting the equity premium and the variance risk premium with 1-day (h¼ 1), 1-week 
(h¼ 5), and 1-month (h¼ 22) ahead daily predictive regressions. In addition, we investigate 
how tail risk is priced in the cross-section of stocks. To do so, we construct monthly long– 
short portfolios by sorting stocks on their recent exposure to the tail risk measures, and run 
Fama and MacBeth (1973) regressions. Then, we provide a comprehensive battery of robust
ness checks for our main results.

4.1 Equity premium predictability
There is extensive empirical evidence that, at relatively low frequencies (monthly or longer), 
measures of tail risk strongly predict future excess market returns, with a positive relation 
(see, e.g., Kelly and Jiang 2014; Bollerslev, Todorov, and Xu 2015; Almeida et al. 2017). This is 
consistent with the idea that investors are averse to tail risk, such that they require a higher 
return to hold the market when tail risk increases. To shed light on this relation in the 
short-term, we investigate whether and how our tail risk measures predict the equity pre
mium at short horizons with daily regressions. We consider regressions of the form 
Re

t;tþh ¼ aþbXtþ ɛt;tþh, where Re
t;tþh is the excess market return accumulated over horizon h 

and Xt collects the predictors of interest on day t.
Table 2 contains our main results for predicting the equity premium.24 There is a positive 

relation between λP
t and the equity premium. However, this relation is statistically significant 

at the 5 percent level only at the 1-month horizon. That is, investors require a higher return 
to hold the market after a tail risk shock, but this compensation appears only over the hori
zon of 1 month. While λQ

t is also positively related to future market returns, this relation is 
strongly significant across all horizons and associated with substantially higher R2s. This indi
cates that investors immediately require compensation to hold the market following an in
crease in their perception of tail risk, where such compensation persists for over a month. To 
further assess the role of risk-neutralization in predicting the equity premium, we consider 
predictive regressions including both the risk-neutral and physical tail measures. Across all 
horizons, λQ

t remains a significant predictor, while λP
t has no predictive power. In other 

words, the information about future market returns contained in the physical tail risk is sub
sumed by its risk-neutral counterpart.

In Supplementary Appendix Section OA.1, we show that our predictability results for the 
equity premium are robust to controlling for several alternative predictors. In fact, the risk- 
neutral tail risk is the strongest predictor of future excess market returns among the controls. 
The only exception is the VRP. Even so, the inclusion of the VRP only drives out the effect of 
λQ

t at the 1-day horizon. This indicates that the variance risk premium helps explain variation 
in future excess market returns not only at lower frequencies (Bollerslev, Tauchen, and Zhou 
2009), but also in the short-term.

The R2 values associated with λQ
t are 0.097, 0.284, and 0.780 percent at the 1-day, 1-week, 

and 1-month horizons, respectively. To put these magnitudes into perspective, we compute 
the upper bound on return predictability of Ross (2005) as discussed by Huang and Zhou 
(2017). Under fairly general conditions, investors’ preferences can be bounded by a constant 
relative risk aversion utility with risk aversion coefficient A. Assuming that the investor with 
the maximum A has the market portfolio as his wealth that is lognormally distributed, the 
maximum attainable R2 in the economy is given by A2σ2ðRmktÞ, where the market return vari
ance depends on the investment horizon. Following Ross (2005) by setting A¼ 5, the implied 

24  The reported coefficients of the predictive regressions are scaled to be interpreted as the effect of a one 
standard deviation increase in the regressor on future excess market returns.
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upper bounds on predictability are 0.382, 1.65, and 6.25 percent at the 1-day, 1-week, and 
1-month horizons, respectively. Relative to these bounds, λQ

t attains approximately 25.4, 
17.2, and 12.5 percent of the maximum possible predictability at the three horizons. These 
results indicate that the predictive content of λQ

t is not negligible and is strongest at short 
horizons, consistent with the high-frequency nature of the information embedded in 
the measure.

We also investigate whether the predictive power of tail risk holds in a fully out-of-sample 
exercise. For either λQ

t or λP
t , we estimate predictive regressions for market returns in a previ

ous window and use these estimates to predict returns accumulated over 1-day, 1-week, 
1-month, or 1-quarter horizons ahead in the future. We consider an expanding window 
scheme with initial window size of 2 years, re-estimating the model each day t. We evaluate 
predictive power via the R2

oos ¼ 1 −
P

t ðRt −bRtÞ
2
=
P

t ðRt − BtÞ
2, where bRt is the model’s pre

dicted return in period t and Bt, the benchmark, is either the average excess return through 
time t (Panel A) or set to zero (Panel B).25 We assess statistical significance based on the 
Clark and West (2007) statistic, where the null hypothesis is that the regressor has no predic
tive power. Table 3 reports the out-of-sample results. A positive R2

oos means that the predictor 
outperforms the benchmark. As can be seen, λP

t only consistently beats the benchmarks for 
longer horizons over a month in the future. In contrast, λQ

t yields positive and statistically sig
nificant R2

ooss for all horizons regardless of the benchmark. This reinforces the strong predic
tive power for the equity premium afforded by the risk-neutral tail risk.

To assess the economic significance of the predictability associated with our tail risk meas
ures, we follow Campbell and Thompson (2008) and consider an investor with mean- 
variance preferences who optimally chooses the portfolio weight on the market using out-of- 
sample return forecasts. We impose realistic portfolio constraints that limit short-selling and 
excessive leverage. Table 4 reports the resulting changes in investor utility relative to the 
benchmark strategy based on the historical mean forecast of the equity premium. These util
ity gains are expressed in units of expected annualized return and can therefore be inter
preted as the portfolio management fees an investor would be willing to pay each year to 
exploit the information contained in the predictor. Across a range of risk aversion parameters 

Table 2 Predicting excess market returns.  
Note: The table reports the regression coefficients and robust t-statistics of daily predictive regressions 
for excess returns over 1-day (h¼ 1), 1-week (h¼ 5), and 1-month (h¼ 22) horizons. For forecasting 
horizons larger than 1 day, we compound the daily return from tþ1 to tþh. We compute the t-statistics 
using Newey–West robust standard errors with a lag length equal to h. We denote with �, ��, and ���

significance at the 10%, 5%, and 1% level, respectively. The R2 is the OLS R2 reported in percentage 
points. The sample ranges from January 1996 to December 2022.

1-day (h¼ 1) 1-week (h¼ 5) 1-month (h¼ 22)

λP
t 0.029* 0.018 0.064 0.021 0.362** 0.240

t-stat 1.766 1.043 1.550 0.502 2.454 1.580
λQ

t 0.039** 0.033* 0.137*** 0.130*** 0.446*** 0.366***

t-stat 2.413 1.914 3.406 3.227 4.157 3.396
R2 (%) 0.055 0.097 0.117 0.062 0.284 0.289 0.513 0.780 0.981

25  The average excess market return is commonly considered as the benchmark in the literature (see, e.g., 
Campbell and Thompson 2008). However, if the historical mean is a poor predictor of future returns over 
short horizons, this could inflate our measures of R2

oos. This is why we also include a benchmark of zero, 
such that the R2

oos simply reflects the relative variation explained by using tail risk as the predictor.
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and portfolio constraints, trading strategies based on λQ
t generate utility gains that are gener

ally positive and consistently larger than those obtained using λP
t . For example, at the 1-day 

horizon, investors are willing to pay annual fees between 1.6 and 3 percent to exploit the pre
dictability afforded by the risk-neutral tail risk measure. These results reinforce that the pre
dictive content of λQ

t is not only statistically significant but also economically meaningful.
In sum, our results indicate that the economic perception of tail risk is an important deter

minant of the equity premium in the short-term. Investors require a significantly higher mar
ket return following an increase in their perception of tail risk. This effect persists over time, 
is robust to controlling for several alternative predictors, holds out-of-sample, and is eco
nomically significant. Importantly, accounting for investors’ aversion to downside risk in 
computing tail risk provides fundamental information about the equity premium that is not 
contained in the physical tail risk measure.

4.2 Variance risk premium predictability
The variation of volatility is often associated with time-varying economic uncertainty. In par
ticular, the VRP captures investors’ compensation for variance risk and is usually regarded as 
a proxy for aggregate risk aversion (see, e.g., Campbell and Cochrane 1999; Bekaert, 
Hoerova, and Duca 2013). Bollerslev, Todorov, and Xu (2015) show that a large fraction of the 
variance risk premium comes from compensation demanded by investors for bearing left-tail 
risk. Motivated by that, we examine the predictive relation between our tail risk measures 
and the VRP at short horizons, with particular focus on the role of incorporating investors’ 
aversion to downside risk with risk-neutralization.

Table 5 reports the main predictability results for the variance risk premium. Both λP
t and 

λQ
t significantly and positively predict the VRP, consistent with the idea that investors require 

a higher compensation to bear variance risk when tail risk increases. The predictive power of 
the risk-neutral tail measure is stronger, as indicated by larger t-statistics and individual R2s. 

Table 3 Out-of-sample excess market return predictability.  
Note: The table reports, in percentage points, the out-of-sample R2, R2

oos, computed as 
R2

oos ¼ 1 −
P

t ðRt −bRtÞ
2
=
P

t ðRt − BÞ2. bRt is the model’s predicted return in period t and B, the 
benchmark, is the average excess market return through t (Panel A) or it is set to zero (Panel B). For 
forecasting horizons larger than 1 day, we compound the daily return from tþ1 to tþh. We also denote 
with �, ��, and ��� significance at the 10%, 5%, and 1% level, respectively, based on the Clark and West 
(2007) statistic, whose null hypothesis is that the additional regressor has no predictive power. The 
models are estimated on expanding windows, with an initial window size of 528 days (equivalent to 
approximately 24 months).

λP
t λQ

t

Panel A: Benchmark bμt
One-day (h¼ 1) 0.022 0.025**

One-week (h¼ 5) 0.004 0.205***

One-month (h¼ 22) 0.436** 0.729***

One-quarter (h¼ 66) 1.196** 1.565**

Panel B: Benchmark bμ ¼ 0
One-day (h¼ 1) 0.014* 0.018**

One-week (h¼ 5) 0.133** 0.333***

One-month (h¼ 22) 1.001*** 1.292***

One-quarter (h¼ 66) 2.892*** 3.254***
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Importantly, when both tail measures are included in the regressions, only λQ
t is significant. 

This indicates that, again, the investors’ perception of tail risk plays a prominent role in 
explaining aggregate market risk premia in the short-term. In Supplementary Appendix 
Section OA.1, we show that these results are robust to controlling for a number of alternative 
predictors, including realized and option-implied measures of continuous and jump varia
tion. Together with λQ

t , the strongest predictor is the LTV from Bollerslev, Todorov, and Xu 
(2015), which captures the expected volatility stemming from negative price jumps implied 
by short-dated options. In other words, the perception of tail risk extracted from the cross- 
section of high-frequency returns offers complementary information to LTV about the future 
VRP over short horizons.

In sum, we document that our risk-neutral tail measure contains strong predictive power 
for the variance risk premium in the short-term. Investors require a higher compensation to 
bear variance risk when their perception of tail risk increases. These effects are robust to sev
eral measures of volatility, jump risk, and the LTV of Bollerslev, Todorov, and Xu (2015). In 
contrast, the relation between physical tail risk and future VRP is weaker and often statisti
cally insignificant, depending on the controls.

4.3 Cross-sectional return predictability
So far, we have shown that the economic perception of tail risk by investors is an important 
determinant of aggregate market risk premia at short horizons. We now investigate whether 

Table 4 Economic value of tail risk measures.  
Note: The table reports the annualized certainty equivalent return (CER) gains (in percentage points) 
from using tail risk measures to predict excess market returns relative to a historical mean benchmark. 
A mean-variance investor allocates between the market return and the risk-free rate with portfolio 

weights wt¼bR t;tþh

γbσt;tþh 2
, where bRt;tþh is the predicted return and bσt;tþh2 is the EWMA variance forecast. The 

investor’s utility is Ut ¼ Rp;t − A=2ðRp;t − �Rp Þ
2, where A is the level of risk aversion, and CER gains are 

computed as the average utility differential between each predictive model and the benchmark. The 
portfolio is rebalanced every h days using nonoverlapping returns. Columns correspond to forecast 
horizons ranging from one day to one quarter. Panel A imposes long-only constraints with weights 
bounded between 0 and 1; Panel B allows short positions and leverage with weights in ½− 0:15; 1:5�; 
Panel C permits long-only positions with leverage up to 175%.

λPt λQt λPt λQt λPt λQt λPt λQt
h¼ 1 h¼ 5 h¼ 22 h¼ 66

Panel A: wt 2 ½0;1�
A¼ 2 0.892 1.619 −0.035 0.528 −0.309 1.262 0.629 1.563
A¼ 6 1.375 1.628 −0.372 0.488 −0.960 −0.177 0.180 0.624
A¼ 10 1.177 1.761 −0.189 0.582 −0.278 −0.049 −0.736 −0.238

Panel B: wt 2 ½− 0:15;1:5�
A¼ 2 1.821 1.981 −0.674 −0.019 −1.093 1.509 1.402 2.608
A¼ 6 1.934 2.657 −0.322 0.811 −0.679 −0.318 −1.133 −0.127
A¼ 10 1.007 1.991 −0.313 0.432 0.091 0.192 −1.192 −0.493

Panel C: wt 2 ½0;1:75�
A¼ 2 1.882 1.970 −0.861 −0.162 −0.980 1.424 1.676 2.882
A¼ 6 1.989 3.001 −0.334 1.006 −0.437 −0.036 −1.350 −0.641
A¼ 10 0.918 2.341 −0.135 0.514 0.261 0.271 −1.082 −0.480
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recent exposure to tail risk is priced in the cross-section of stock returns through portfolio 
sorts. To do so, at the end of each month in our CRSP sample, we measure the insurance 
value of the stocks with daily regressions over a short previous window of 24 months, that is, 
we estimate contemporaneous betas with respect to our tail measures: 
Ri;t ¼ μiþβiTRi;tþɛi;t, where TRi;t 2 fλP

t ; λQ
t g.

26 Then, we form equally-weighted portfolios by 
sorting the stocks into portfolios using quintile breakpoints calculated based on the given 
sorting variable and compute the portfolios’ returns over the next month.27 This yields a 
monthly time series of returns for each portfolio over our sample.

Panels A and B of Table 6 report the results for λP
t and λQ

t , respectively. In addition to the 
average returns of the quintile portfolios, we also report the portfolios alphas (i.e., inter
cepts) from monthly regressions of portfolio excess returns on the Fama–French three and 
five factors as well as extended models controlling for momentum (Carhart 1997) and liquid
ity (P�astor and Stambaugh 2003) factors, and a downside risk factor computed analogously 
to our tail factors but sorting on betas with respect to LTV. The last two columns report the 
average returns and alphas of the high minus low zero net investment portfolio and associ
ated t-statistics, which are estimated using Newey–West robust standard errors. Panel C 
presents the P-values from tests of the monotonicity (Patton and Timmermann 2010) of aver
age returns across the five quintile portfolios reported in Panels A and B. All tests have a null 
hypothesis of a flat pattern (no relation). While the MR Up and MR Down tests have alterna
tive hypotheses of an increasing and decreasing pattern, the MR test alternative hypothesis 
is unrestricted. These tests are estimated using 10,000 bootstrap replications and a block 
length equal to 10 months.

Several conclusions can be drawn from these results. First, stocks that are more positively 
related to tail risk in the short-term earn lower returns. This is economically sound, as stocks 
with high βi provide hedging opportunities against tail risk and are thus highly priced, yield
ing subsequent low returns. This relation is monotonic across quintile portfolios for λQ

t , 
which is formally confirmed by the rejection of the flat pattern using the MR and MR Down 
tests. In contrast, a flat pattern cannot be rejected for λP

t . In fact, in this case, it is clear that 
the average return decreases from the low quintile to the fourth one, but then increases for 
the high quintile.

Table 5 Predicting variance risk premium (VRP).  
Note: The table reports regression coefficients and robust t-statistics of daily predictive regressions for 
the variance risk premium (VRP) over 1-day (h¼ 1), 1-week (h¼ 5), and 1-month (h¼ 22) horizons. For 
forecasting horizons larger than 1 day, we aggregate the variance risk premium from tþ1 to tþh. We 
compute the t-statistics using Newey–West robust standard errors with a lag length equal to h. We 
denote with �, ��, and ��� significance at the 10%, 5%, and 1% level, respectively. The R2 is the OLS R2 

reported in percentage points. The sample ranges from January 1996 to January 2022.

1-day (h¼ 1) 1-week (h¼ 5) 1-month (h¼ 22)

λP
t 1.831*** 0.441 9.527*** 2.662 35.450*** 6.007

t-stat 6.137 1.499 4.970 1.468 3.033 0.541
λQ

t 4.210*** 4.059*** 20.954*** 20.043*** 88.023*** 85.965***

t-stat 13.002 12.495 10.012 9.831 6.586 6.598
R2 (%) 0.867 4.579 4.624 1.078 5.215 5.289 0.874 5.390 5.412

26  Our results are robust to different estimation windows for the betas, such as 18 or 36 months, as shown in 
Tables OA.36 and OA.37 in the Supplementary Appendix Section OA.5.

27  Our results are robust to forming value-weighted portfolios instead, as shown in Section 4.6.
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Second, exposure to physical tail risk generates insignificant average returns for the high 
minus low portfolio. On the other hand, the return spreads associated with exposures to 
risk-neutral tail risk are both statistically and economically significant, where the corre
sponding high minus low strategies earn an average monthly return of −0.86 percent. This 
shows that recent exposure to tail risk as perceived by investors is priced in the cross- 
section, that is, investors are willing to pay a premium to be hedged against tail risk. To fur
ther illustrate, figure 6 plots the cumulative returns of the quintile portfolios based on λQ

t . As 

Table 6 Monthly sorted portfolios.  
Note: The table reports the results of univariate portfolio analyses of the relation between the tail risk 
measures and the cross-section of returns. Monthly portfolios are formed by sorting the CRSP stocks 
with share code 10 and 11, excluding those with a share price below $5, into portfolios using quintile 
breakpoints calculated based on the given sort variable. The table also reports portfolio alphas from 
regression of portfolio excess return using the Fama–French three and five factors as well as extended 
models controlling for momentum (Carhart 1997) and liquidity (P�astor and Stambaugh 2003) factors, 
and a downside risk factor based on sorting stocks with respect to their LTVt betas. Returns and alphas 
are in percentage terms. The last two columns report the high minus low zero net investment portfolio 
and associated t-statistics, which are estimated using Newey–West robust standard errors with a lag 
length equal to 5. Panel C presents the P-values from various tests of the monotonicity (Patton and 
Timmermann 2010) of average returns across the five quintile portfolios reported in Panels A and B. 
All tests have a null hypothesis of a flat pattern (no relation). While the MR Up and MR Down tests have 
alternative hypotheses of an increasing and decreasing pattern, the MR test is unrestricted. Bold 
P-values indicate significance at the 5% or better. The tests are estimated using 10,000 bootstrap 
replications and a block length equal to 10 months. The sample ranges from January 1998 to 
December 2022.

Low 2 3 4 High High-Low t-stat

Panel A: λP
t

Average Return 0.786 0.577 0.567 0.498 0.648 −0.138 −0.880
CAPM Alpha 0.056 −0.026 0.013 −0.069 0.015 −0.041 −0.264
FF3 alpha −0.013 −0.105 −0.068 −0.157 −0.076 −0.063 −0.463
FF5 alpha 0.118 −0.154 −0.157 −0.234 −0.052 −0.170 −1.275
FF5 + Mom alpha 0.144 −0.124 −0.137 −0.200 −0.001 −0.145 −1.054
FF5 + Mom + Liq alpha 0.116 −0.144 −0.154 −0.213 0.001 −0.115 −0.796
FF5 + Mom + Liq + LTV alpha 0.118 −0.144 −0.155 −0.213 0.000 −0.118 −0.860
Panel B: λQ

t
Average Return 1.173 0.657 0.520 0.419 0.308 −0.865 −5.004
CAPM Alpha 0.506 0.078 −0.041 −0.167 −0.386 −0.892 −4.741
FF3 alpha 0.413 −0.010 −0.123 −0.249 −0.448 −0.861 −4.987
FF5 alpha 0.410 −0.107 −0.213 −0.302 −0.266 −0.676 −4.503
FF5 + Mom alpha 0.436 −0.083 −0.194 −0.267 −0.210 −0.647 −3.571
FF5 + Mom + Liq alpha 0.405 −0.111 −0.214 −0.288 −0.185 −0.590 −2.997
FF5 + Mom + Liq + LTV alpha 0.408 −0.110 −0.215 −0.289 −0.188 −0.596 −4.192
Panel C: Monotonicity Test

MR MR Up MR Down
Avg. return λP

t 0.830 0.254 0.131
Avg. return λQ

t 0.006 0.928 0.000
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can be seen, the robust profitability of selling the high minus low strategy is mainly driven by 
going long in the stocks that have high expected returns because they do not help hedge 
against tail risk.28 The strategy is particularly profitable during crisis periods, reflecting the 
hedging effectiveness of the tail factor. During such times, stocks that provide protection 
against tail risk become especially more expensive relative to those with low tail risk betas.

Third, the average high minus low returns of the risk-neutral tail factor in Table 6 survive 
after controlling for standard factor models in the literature. The alphas with respect to the 
market and the Fama–French size and value factors are largely of the same magnitude and 
significance of the original average returns. The additional profitability, investment, momen
tum and liquidity factors hold some explanatory power to the short-term tail risk premium, 
reducing (in absolute value) the average return to −0.590 percent. Even so, this still roughly 
amounts to a 7 percent annualized (absolute) alpha, which is strongly significant with a t-sta
tistic of 3. This suggests that our risk-neutral tail factor captures compensation for risk in the 
cross-section of returns that is not reflected in firms’ exposures to these popular factors in 
the literature. Further adding a downside risk factor based on LTV cannot explain the tail fac
tor risk premium. In fact, it actually increases the alpha and its statistical significance (in ab
solute terms).

As an additional test, we also run Fama and MacBeth (1973) regressions. For each month, 
for each of the tail measures and controls we consider, we first estimate, for each stock in 
our CRSP sample, contemporaneous betas with respect to the variable of interest with a 
daily univariate regression over a short previous window of 24 months (as we are interested 
in the effect of short-term exposure to the factors). Then, for each month, we run a cross- 
sectional multivariate regression of next-month stock excess returns on the betas of the vari
ables of interest. Finally, after repeating this procedure for all months in the sample, we test 
whether the average of the coefficient across months of a given variable is statistically signifi
cant with Newey–West standard errors.

Table 7 contains the results. The first column focuses on the Fama–French five-factor 
model, where only recent exposure to the market and the size factor are significant, although 
only at a 10 percent level. Columns 2 and 3 add the physical and risk-neutral tail risk, respec
tively. Both are strongly significant, with a negative sign: stocks with higher tail risk betas, 
and thus higher hedging capacity, are highly priced and hence have low expected returns. 
When we include both tail measures together in column 4, the effect of λQ

t remains essen
tially the same, while that of λP

t is largely attenuated. For the remaining columns, we add dif
ferent controls, one by one, and all of them in the last column. The effect of the economic 
perception of tail risk is largely unaffected by the inclusion of the controls, remaining 
strongly significant across all specifications. The physical tail risk, on the other hand, is 
driven out by LTVt and RTVt.

Moreover, given the importance of the VRP in the prediction of the equity premium, we 
use conditional double sorts to specifically investigate whether controlling for it can account 
for the cross-sectional effects of λQ

t . We first sort stocks into quintile portfolios based on their 
exposure to VRP, and then, within each quintile, we sort stocks into quintile portfolios based 
on their exposure to tail risk. Table 8 reports the results. Focusing first on Panel A, sorting 
based on λP

t only generates significant spreads in average returns for stocks in the highest 

28  It is worth noting that, although the cumulative return is higher for the low portfolio compared to the low 
minus high strategy, the former is a long-only portfolio and therefore more exposed to other risk factors. In 
fact, as shown in Table 6, while the low portfolio delivers a higher average return, the low minus high strat
egy exhibits significantly larger alphas. Furthermore, figure 6 demonstrates that the low minus high strategy 
achieves comparable returns with lower volatility, resulting in a substantially higher Sharpe ratio: 1.12 an
nualized versus 0.58 for the low portfolio.
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quintiles of VRP. In contrast, Panel B reveals that sorting on λQ
t yields highly significant aver

age returns and alphas regardless of the VRP quintile, with the strongest effects concentrated 
in the low- and high-VRP stocks. Therefore, the strong cross-sectional predictability associ
ated with the economic valuation of tail risk is not subsumed by the variance risk premium.

Finally, to learn about which types of firms load more on tail risk and contribute to hedge 
against it, we report in Table 9 the average values of standard firm characteristics across 
quintiles formed by sorting stocks on our tail measures. While no clear patterns appear for 
λP

t , stocks with high exposure to λQ
t tend to be more liquid (lower Amihud illiquidity) and less 

levered. These findings are intuitive. Low-leverage firms are less exposed to distress and refi
nancing risk, while liquid firms are less susceptible to liquidity spirals and fire-sale dynamics 
during market stress. These stocks are therefore more resilient in stressed market conditions 
and provide relatively better payoffs in left-tail states, making them natural hedging assets. 
Other characteristics such as size, book-to-market, market beta, idiosyncratic volatility, real
ized minus implied volatility, bid–ask spread, profitability, or asset growth show no system
atic relation across quintiles.

In sum, we find that the investors’ perception of tail risk in the short-term is strongly 
priced in the cross-section of stocks. High minus low portfolios based on the recent exposure 
to tail risk generate statistically and economically significant average returns, even after con
trolling for standard factor models. Such recent exposure to tail risk is also strongly signifi
cant in Fama–MacBeth regressions, including a large set of controls. The information content 
of risk-neutralization beyond that contained in physical tail risk is especially relevant for 
these findings.

Table 8 Double-sorted portfolios controlling for VRP.  
Note: The table reports the results for double-sorted portfolio analyses of the relation between tail risk 
measures and the cross-section of returns after controlling for VRP. Monthly portfolios are formed by 
first sorting the CRSP stocks with share code 10 and 11, excluding those with a share price below $5, 
into portfolios using quintile breakpoints calculated based on their exposure to VRP. Then, within each 
quintile, we sort stocks into quintile portfolios based on their exposure to tail risk. The table also 
reports the alpha from the regression of portfolio excess returns using the Fama–French 5 factors 
augmented with momentum (Carhart 1997), liquidity P�astor and Stambaugh (2003), and a downside 
risk factor based on sorting stocks with respect to their LTVt betas, that is, FF5 + Mom + Liq +LTV α. 
Returns and alphas are in percentage terms. t-statistics are estimated using Newey–West robust 
standard errors with a lag length equal to 5. The sample ranges from January 1998 to January 2022.

Low 2 3 4 High H-L t-stat α t-stat

Panel A: λP
t

VRP Low 0.842 0.575 0.547 0.640 0.737 −0.105 −0.483 0.062 0.282
2 0.838 0.701 0.582 0.620 0.713 −0.125 −0.618 −0.006 −0.029
3 0.906 0.629 0.587 0.522 0.701 −0.204 −1.231 −0.101 −0.591
4 0.917 0.622 0.636 0.627 0.654 −0.263 −2.031 −0.234 −1.758
High 0.964 0.713 0.517 0.563 0.787 −0.176 −1.219 −0.284 −2.067

Panel B: λQ
t

VRP Low 1.408 0.829 0.454 0.312 0.346 −1.061 −3.764 −0.833 −3.322
2 1.074 0.685 0.703 0.509 0.487 −0.586 −3.938 −0.397 −2.340
3 0.979 0.660 0.608 0.579 0.520 −0.458 −3.131 −0.356 −2.682
4 1.046 0.656 0.568 0.585 0.604 −0.442 −3.880 −0.425 −3.871
High 1.144 0.705 0.508 0.518 0.672 −0.472 −4.356 −0.531 −4.785
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4.4 Is the risk-neutral tail measure subsumed by the SDF?
The construction of our risk-neutral tail risk measure relies on an SDF to risk-neutralize intra- 
day stock returns. This naturally raises the question of why it is necessary to construct a sep
arate measure that embeds information from the SDF to predict returns, rather than using 
the SDF itself, which in principle prices assets. The key reason is that the SDF in equation (7)
is estimated conditionally on the intra-day realizations of stock PC returns within a given day 
and is designed to price those returns. These SDF realizations are inherently intra-day 
objects: they pertain only to the states observed within day t and therefore cannot be di
rectly used to price or predict future returns at daily, weekly, or monthly horizons. Rather, 
we use mn;t to identify intra-day states that are associated with high or low marginal utility, 
and then use this information for constructing λQ

t . In other words, we aggregate information 
from risk-neutralized intra-day returns into a single daily measure that captures the thick
ness of the left tail while explicitly accounting for investors’ preferences. We then use λQ

t as a 
daily state variable to explain future market and cross-sectional returns over multi
ple horizons.

Table 9 Portfolio characteristics.  
Note: The table reports for each quintile the average across the months in the sample of the median 
values within each month of various characteristics for the stocks. We consider market capitalization (in 
millions of dollars), the log book-to-market (BM) ratio, the market beta, the Amihud Illiquidity (scaled 
by 106), the idiosyncratic volatility from Fama–French 3 factors, realized volatility minus implied 
volatility (RV − IV), Bid–Ask spread, operating profitability, asset growth, and leverage. Characteristics 
are obtained from the Open Source Asset Pricing Website. The sample ranges from January 1998 to 
December 2022.

Low 2 3 4 High

Panel A: λP
t

Size ($106) 491.350 1,245.693 1,366.739 1,149.752 640.787
Log BM −1.002 −0.997 −0.995 −0.995 −1.006
Beta 1.067 0.824 0.754 0.754 0.915
Illiquidity (106) 0.021 0.011 0.010 0.010 0.015
Idio. Vol 0.022 0.016 0.015 0.015 0.019
RV–IV (×100) −3.021 −2.986 −2.977 −2.992 −3.031
Bid–Ask Spread 0.011 0.008 0.008 0.008 0.010
Oper. Profitability 0.213 0.228 0.230 0.234 0.216
Asset Growth 0.091 0.079 0.076 0.078 0.088
Leverage 0.532 0.652 0.720 0.684 0.527
Panel B: λQ

t
Size ($106) 428.836 1,203.451 1,441.749 1,217.799 668.873
Log BM −0.965 −0.980 −0.996 −1.007 −1.034
Beta 0.990 0.807 0.762 0.778 0.984
Illiquidity (106) 0.044 0.017 0.009 0.007 0.010
Idio. Vol 0.021 0.016 0.015 0.016 0.020
RV–IV (×100) −3.023 −2.991 −2.961 −2.954 −3.021
Bid–Ask Spread 0.010 0.008 0.008 0.008 0.010
Oper. Profitability 0.215 0.228 0.232 0.227 0.210
Asset Growth 0.085 0.079 0.076 0.078 0.096
Leverage 0.652 0.694 0.690 0.639 0.471
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Our focus on λQ
t as the variable of interest reflects our goal of assessing the short-term 

effects of tail risk on asset prices. Alternatively, one could consider constructing a different 
daily statistic by aggregating information from the intra-day SDF directly. However, there is 
no guarantee that such an object would successfully price or predict returns at longer hori
zons, since the SDF is only required to price the intra-day PCs returns on day t. It is an empiri
cal question whether such a measure would be informative about future returns or subsume 
the risk-neutral tail risk measure in our tests. In this section, we address this question by con
sidering several daily statistics constructed from the high-frequency SDF: its volatility, en
tropy, and Value-at-Risk. The first two measures capture different notions of variation in the 
SDF that may be informative about the price of risk, while the latter focuses explicitly on 
compensation for bad states.

For each of these SDF-based measures, we construct long–short portfolios by sorting 
stocks on their estimated exposures, obtained from daily regressions over the preceding 2 
years. As reported in Table 10, sorting on these exposures yields statistically significant re
turn spreads, indicating that variation in the estimated SDF is informative about risk premia 
“out-of-sample,” that is, it helps explain return differences across a broad cross-section of 
stocks over the subsequent month. However, both the magnitude and statistical significance 
of these spreads are smaller than those obtained using the tail-risk-based portfolio 
in Table 6.

We then compute the alphas of the tail-risk-based portfolio relative to the portfolios 
formed on SDF-based measures and find that they remain statistically significant. This sug
gests that combining information from the high-frequency SDF with intra-day stock returns 
through the Hill estimator, as done to construct λQ

t , produces a more robust and informative 
state variable for predicting future returns. This finding is consistent with our economic moti
vation: investors are particularly concerned about extreme downside risk and therefore de
mand higher compensation when both the level of tail risk and their aversion to such risk are 
elevated. Importantly, this evidence does not imply issues in the high-frequency SDF itself, 
which is designed to price the intra-day PCs returns on a given day, rather than to summarize 
all relevant information for longer horizons.

4.5 Robustness with respect to main hyperparameters
We now conduct a comprehensive battery of robustness tests to show that our results do not 
depend on specific modeling choices. In this subsection, we assess robustness with respect 
to the main hyperparameters involved in the construction of our tail measures: the percen
tile of the pooled intra-day return cross-section on day t to define the threshold ut for the 
tail; the number J of PCs included as systematic factors in the estimation of the SDF; and the 
γ parameter determining the convexity of the SDF.

We start by reporting, in the Supplementary Appendix, complete tabulated results for al
ternative specifications that change one hyperparameter at a time. First, we estimate our tail 
risk measures considering alternative percentiles for ut given by 0.5 or 5 percent, instead of 
the original first percentile. Focusing on the market return predictability, Supplementary 
Tables OA.7 and OA.8 report the results for 0.5 and 5 percent, respectively. As can be seen, 
considering a smaller (larger) percentile given by 0.5 percent (5 percent) slightly improves 
(decreases) the predictive power of both λP

t and λQ
t . For both percentiles, the risk-neutral tail 

risk is still significant in all univariate regressions. A smaller (larger) percentile given by 0.5 
percent (5 percent) also improves (deteriorates) the out-of-sample performance of both 
measures, as seen in Supplementary Tables OA.14 and OA.15. Importantly, the risk-neutral 
tail risk is more robust and significantly outperforms the benchmarks for most cases. 
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Table 10 Quintile portfolios sorted on exposures to measures based on the SDF.  
Note: The table reports average returns and risk-adjusted alphas (in percentage points) for quintile 
portfolios sorted on exposures to various summary measures of the intra-day SDF. Panel A sorts stocks 
based on their most recent exposure to the standard deviation of the SDF (STD SDF). Panel B sorts on 
exposure to the Kullback–Leibler information criterion of the SDF (KLIC SDF), defined as E½m logðmÞ�. 
Panel C sorts on exposure to the 95% Value-at-Risk of the SDF (VaR SDF). Panel D reports alphas for 
portfolios sorted on exposure to the risk-neutral tail-risk measure λQ

t , controlling for the STD, KLIC, and 
VaR SDF measures. The High–Low column reports the return differential between the top and bottom 
quintiles, with associated t-statistics computed using Newey–West robust standard errors. The sample 
spans January 1998 to December 2022.

Low 2 3 4 High High–Low t-stat

Panel A: STD SDF
Average Return 0.535 0.486 0.592 0.571 0.926 0.391 2.138
CAPM Alpha −0.110 −0.073 0.027 −0.057 0.182 0.292 1.400
FF3 alpha −0.174 −0.154 −0.060 −0.142 0.093 0.267 1.456
FF5 alpha −0.071 −0.222 −0.151 −0.183 0.160 0.231 1.463
FF5 + Mom alpha −0.062 −0.204 −0.126 −0.138 0.229 0.291 1.797
FF5 + Mom + Liq alpha −0.051 −0.205 −0.142 −0.171 0.192 0.243 1.498
FF5 + Mom + Liq + LTV alpha −0.053 −0.207 −0.142 −0.170 0.193 0.247 1.655
Panel B: KLIC SDF
Average Return 0.513 0.510 0.550 0.601 0.926 0.413 2.260
CAPM Alpha −0.157 −0.059 −0.014 −0.017 0.182 0.339 1.620
FF3 alpha −0.220 −0.141 −0.098 −0.102 0.093 0.313 1.732
FF5 alpha −0.096 −0.199 −0.195 −0.156 0.160 0.257 1.620
FF5 + Mom alpha −0.087 −0.179 −0.166 −0.113 0.229 0.316 1.940
FF5 + Mom + Liq alpha −0.075 −0.181 −0.180 −0.144 0.192 0.266 1.632
FF5 + Mom + Liq + LTV alpha −0.077 −0.182 −0.180 −0.144 0.193 0.270 1.783
Panel C: VaR SDF
Average Return 0.593 0.554 0.545 0.580 0.839 0.246 1.779
CAPM Alpha −0.092 −0.039 −0.035 −0.008 0.143 0.235 1.468
FF3 alpha −0.170 −0.127 −0.120 −0.086 0.066 0.236 1.524
FF5 alpha −0.079 −0.199 −0.197 −0.130 0.140 0.219 1.358
FF5 + Mom alpha −0.065 −0.166 −0.168 −0.094 0.192 0.257 1.563
FF5 + Mom + Liq alpha −0.056 −0.167 −0.185 −0.116 0.147 0.203 1.217
FF5 + Mom + Liq + LTV alpha −0.057 −0.167 −0.186 −0.117 0.147 0.204 1.216
Panel D: λQ

t
CAPM alpha + STD SDF 0.439 0.021 −0.076 −0.190 −0.327 −0.766 −5.079
FF3 alpha + STD SDF 0.364 −0.037 −0.128 −0.245 −0.393 −0.757 −5.241
FF5 alpha + STD SDF 0.367 −0.132 −0.219 −0.300 −0.220 −0.587 −4.941
CAPM alpha + KLIC SDF 0.432 0.010 −0.084 −0.194 −0.306 −0.738 −5.009
FF3 alpha + KLIC SDF 0.353 −0.045 −0.132 −0.246 −0.378 −0.731 −5.161
FF5 alpha + KLIC SDF 0.361 −0.136 −0.221 −0.300 −0.212 −0.573 −4.869
CAPM alpha + VaR SDF 0.479 0.061 −0.045 −0.168 −0.341 −0.821 −4.788
FF3 alpha + VaR SDF 0.382 −0.030 −0.128 −0.253 −0.407 −0.790 −4.994
FF5 alpha + VaR SDF 0.381 −0.124 −0.216 −0.304 −0.231 −0.612 −4.674
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Supplementary Tables OA.21 and OA.22 report the corresponding results for predicting the 
variance risk premium. These are largely similar to the original results for λQ

t . On the other 
hand, λP

t benefits from a smaller percentile, where it becomes significant in the joint regres
sion with λQ

t at the 1-day and 1-week horizons, while it is still driven out at the 1-month hori
zon. Finally, Supplementary Tables OA.28 and OA.29 contain the portfolio sorts results. A 
smaller percentile benefits both measures: the risk-neutral tail factor yields even more signif
icant alphas, while the physical tail factor is now able to produce significant spreads in 
returns. These spreads, however, are smaller than for λQ

t and still not monotonic across quin
tiles. Remarkably, even with the larger percentile, the risk-neutral tail factor retains monoto
nicity across quintiles and some statistical significance for the alphas.

Second, we assess robustness with respect to choices in the risk-neutralization procedure 
regarding the number of PCs and the γ parameter. We consider specifications using the top 5 
or 10 PCs, instead of the top 7, and γ ¼ − 2, instead of γ ¼ − 3. Results across all our different 
analyses, reported in Supplementary Tables OA.9, OA.10, OA.11, OA.16, OA.17, OA.18, OA.23, 
OA.24, OA.25, OA.30, OA.31, OA.32, show that working with these alternative specifications 
has no meaningful impact on our results, which remain essentially the same.

Next, to provide a comprehensive assessment of how our main results for λQ
t vary with the 

hyperparameters, we examine the statistical significance of market and cross-sectional re
turn predictability across all possible combinations of an extended range of choices, which 
includes percentiles 0.5, 1, and 5 for ut, J 2 f1;3;5;7;10g, and γ 2 f− 5; − 4; − 3; − 2; − 1;1g. 
When J¼ 1, the implied SDF is akin to a CAPM SDF since the first PC effectively captures the 
market factor, while γ ¼ 1 yields a linear SDF (capped at zero to enforce no-arbitrage) with 
no preferences for higher moments of returns. Since λQ

t is always significant at the 1 percent 
level for predicting the VRP regardless of the specification, we relegate these results to 
Supplementary figure OA.1 and focus the discussion below on the equity premium and 
cross-sectional prediction exercises.

Figure 7 reports the t-statistics for the equity premium prediction. The weakest evidence is 
obtained when the tail threshold ut is set to the 5th percentile. In this case, at the 1-day and 
1-week horizons, statistical significance appears only for specifications with five PCs or more 
and highly negative γs, while at the 1-month horizon three PCs or more are enough for robust 
predictive power regardless of γ. In contrast, using smaller percentiles, given by 0.5 or 1, sub
stantially strengthens the predictive power of λQ

t . Across horizons, the 0.5 percentile yields 
strong significance for nearly all specifications, with one or three PCs performing as well as 
larger J. For the 1st percentile, the evidence is similar at the 1-week and 1-month horizons, 
while at the 1-day horizon five or seven PCs lead to more robust predictability across differ
ent γs. Overall, the equity premium results are robust across a wide range of specifications, 
but generally benefit from smaller percentiles, moderate numbers of PCs, and SDFs that em
bed aversion to downside risk.

A similar robustness pattern emerges in the cross-sectional analysis in figure 8. The most 
important hyperparameter is the percentile used to define ut, followed by the number of PCs 
and, lastly, the value of γ. The weakest performance again arises for the 5th percentile, where 
t-statistics for the high-low portfolio average return and alphas hover around 2.5 and 2 (in 
absolute value), respectively, and drop below 2 (in absolute value) when only one PC is used. 
Using the 1st percentile already produces strong and generally significant results, even when 
only one PC is employed. The tightest threshold given by percentile 0.5 delivers the strongest 
cross-sectional evidence, with all specifications being highly significant. While the best 
results usually arise with five or seven PCs, the findings are broadly robust to using only one 
or three PCs. Taken together, the cross-sectional evidence reinforces the message from the 
equity premium analysis: predictive power is strongest when ut targets more extreme left- 
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tail realizations, when an intermediate number of PCs is used, and when the SDF embeds 
downside risk aversion.

Finally, it is worth noting that even when using the simplest SDF specification given by one 
PC and γ ¼ 1, which is essentially a linear CAPM SDF, the implied λQ

t still outperforms λP
t . 

Specifically, the t-statistics for the equity premium prediction for λP
t of 1.76, 1.55, and 2.45 for 

the 1-day, 1-week, and 1-month horizons, are surpassed by the corresponding ones for λQ
t in 

figure 7 given by 2.17, 2.32, and 2.76. This is even more evident for the cross-sectional pre
dictability, with a t-stat of − 2:72 for the high-low portfolio average return based on the J¼
1=γ ¼ 1 λQ

t against − 0:88 for λP
t , reinforcing the importance of accounting for investors’ pref

erences when computing tail risk.
Overall, the robustness tests above confirm that our main results are not driven by specific 

modeling choices and hold, both quantitatively and qualitatively, across several alternative 
specifications. More specifically, the risk-neutral tail risk is more robust than the physical tail 
risk to modifications in the methodology and essentially always contains important predic
tive information in the short-term about the equity premium, variance risk premium, and the 
cross-section of stock returns.

4.6 Additional robustness checks
In this subsection, we provide additional robustness checks for our analysis. First, we investi
gate what happens if we do not include the overnight return of each stock as an observation 
to compute the tail risk measures. Supplementary Tables OA.12 and OA.19 show that the in- 
sample and out-of-sample predictive power of both tail measures get slightly reduced with
out the overnight return, but the same conclusions as before remain: the risk-neutral tail risk 
is always significant and drives out the effect of the physical one in the joint predictive 
regressions. On the other hand, removing the overnight return improves the predictive 
power of both tail measures for the variance risk premium in Supplementary Table OA.26, 
where λP

t retains some significance in the joint regression with λQ
t for the 1-day and 1-week 

horizons. Regarding portfolio sorts, the evidence from Supplementary Table OA.33 is essen
tially the same as that from our main specification.

Second, we consider alternative versions of our tail risk measures based on returns that 
are standardized by their realized volatility adjusted for time-of-day effects, as in equation 
(A.1). Supplementary Table OA.13 reports the corresponding market return predictability 
results. For the 1-day horizon, the physical tail risk has stronger predictive power than the 
risk-neutral one. Even so, both are significant in the joint regression. For the 1-week and 1- 
month horizons, λQ

t becomes more significant, driving out the effect of λP
t in the joint 1-week 

ahead regression. In the out-of-sample prediction exercise in Supplementary Table OA.20, 
the tail measures have very similar performance, almost always beating the benchmarks. For 
predicting the variance risk premium in Supplementary Table OA.27, however, the results are 
substantially different for both measures. The risk-neutral tail risk continues to positively 
predict the VRP, with strong statistical significance. In contrast, the physical tail risk now has 
the wrong sign, predicting a smaller variance risk premium following an increase in tail risk. 
Finally, in terms of cross-sectional predictability in Supplementary Table OA.34, the predic
tive power of both measures gets reduced compared to our original results. However, the 
risk-neutral tail risk still retains significance at the 10 percent level for alphas with respect to 
most models and for monotonicity across quintiles according to the MR Down test.

Third, we consider value-weighted instead of equally-weighted portfolios in our cross- 
sectional predictability analysis with λQ

t . Supplementary figure OA.2 reports the t-statistics 
for the average return and alphas of the high-minus-low value-weighted portfolio based on 
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λQ
t across different specifications and percentiles 0.5 and 1, which we have previously shown 

to be preferable. Results are mostly robust to value-weighting stocks within portfolios. For 
percentile 1, robust predictability is concentrated in specifications with three to four PCs, al
though alphas with respect to the most complete factor model are usually insignificant. For 
percentile 0.5, average returns and alphas are almost always significant, with the exception 
of the specification with ten PCs, which produces weaker results.

Fourth, to highlight the importance of using high-frequency stock returns to compute the 
Hill estimator at a daily frequency, we compare our baseline λP

t with an alternative measure 
constructed using only daily stock returns, that is, one observation per stock per day. 
Supplementary figure OA.3 illustrates the time series dynamics of the two measures and 
shows that relying on daily returns produces a tail risk measure that is substantially noisier 
and more volatile. Supplementary Table OA.38 further reports the results from predictive 
regressions of the equity premium using both measures. As can be seen, the tail measure 
based on daily returns delivers coefficients with the wrong sign, lacks statistical significance, 
and yields markedly lower R2 values.

Fifth, we examine the sensitivity of our results to the filter imposed on zero returns. In our 
baseline specification, we exclude stocks that, on a given day, exhibit fewer than thirty-five 
nonzero intra-day return observations. As a robustness check, we alternatively apply more 
lenient and more stringent filters, retaining stocks with at least twenty or at least fifty non
zero observations, respectively. Supplementary Tables OA.39 and OA.40 report the corre
sponding results for equity premium predictability using λP

t and λQ
t . Overall, the findings are 

both qualitatively and quantitatively very similar to those in the baseline specification in 
Table 2, indicating that our results are not sensitive to the choice of the zero-return filter.

Sixth and finally, to shed further light on the properties of the endogenous portfolio θ�γ Fn;t 

that enters the estimated SDF, Supplementary figure OA.4 reports the daily Sharpe ratios of 
the portfolio constructed each day, smoothed over time using a moving average, for different 
numbers of factors. Focusing on the top panels, the Sharpe ratios obtained with a single fac
tor closely track those of the SPY, consistent with the fact that the first PC effectively cap
tures the market factor. When additional factors are included, Sharpe ratios are generally 
high, as would be expected in an in-sample setting. The bottom panels report out-of-sample 
Sharpe ratios, computed by holding the PCs and portfolio weights fixed and applying them 
to returns on the following day. These out-of-sample Sharpe ratios, which provide a more ap
propriate metric for what investors can achieve in practice, are of economically reasonable 
magnitudes. Moreover, Sharpe ratios tend to decline during crisis periods, consistent with re
duced risk-adjusted performance during market stress.

5. Conclusion
We introduce a novel left-tail risk measure at a daily frequency by combining high-frequency 
returns of a large cross-section of stocks with a risk-neutralization algorithm. We use our 
measure to shed new light on the effects of tail risk on asset prices in the short-term, with a 
particular focus on disentangling to what extent these effects depend on information coming 
from the physical measure, under which asset prices are observed, and the risk-neutral mea
sure, which incorporates investors’ preferences.

We find that the economic valuation of tail risk is an important determinant of the equity 
premium and the variance risk premium at short horizons, where both are high following 
increases in tail risk. In addition, short-term exposure to tail risk is priced in the cross-section 
of stocks. A tradable tail factor built by sorting stocks on their recent exposure to tail risk pro
duces significant spreads in stock returns that cannot be explained by standard factor 
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models. Moreover, exposures to our tail risk measure are strongly significant in Fama– 
MacBeth regressions. Incorporating investors’ preferences in the estimation of tail risk is fun
damental to our findings: the predictability afforded by the physical tail risk is weaker and 
generally subsumed by its risk-neutral counterpart.

While we use our methodology to measure aggregate left-tail risk in the U.S. stock market, 
it can be readily applied in a number of different contexts. For instance, our approach can be 
similarly employed to estimate the economic perception of right tail risk. This can potentially 
be useful to explain cross-sectional anomalies that are exposed to the right tail or related to 
lottery preferences, such as idiosyncratic volatility. Furthermore, given that our method does 
not rely on information from option prices, it can be applied to other asset classes for which 
option markets are relatively illiquid or inexistent, such as cryptocurrencies or corporate 
bonds. Relatedly, our procedure could be especially helpful in extracting tail risk for particu
lar portfolios or indices of stocks for which basket options are not available. We leave these 
interesting venues for future research.
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Appendix A: standardized tail risk measures            
As can be seen in equations (2) and (4), the standard Hill estimator relies on a threshold ut 

that is the same across stocks and constant over the day. This is such that stocks that are 
more volatile on day t might dominate the tail risk measures, as they will be more likely to 
experience large negative return realizations falling below the threshold than low-volatility 
stocks. Moreover, given that volatility tends to be higher at the market open and close, these 
times of the day might be overrepresented in the tail measures as returns observed during 
those times will be more likely to fall below ut. To control for such cross-sectional and time- 
of-day patterns in volatility, we consider standardized versions of the physical and risk- 
neutral Hill estimators.

More specifically, for each stock, we standardize its returns (either raw or risk-neutralized) 
on day t using a measure of the integrated volatility adjusted by the time-of-day factor: 

bRt;ni ¼
Ri

t;i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N − 1ðBVi
t Ù RVi

tÞ � TODi
n

q ; (A.1) 

where the Realized Variance (RV) and Bipower variation (BV) are computed as defined in 
Appendix B.29

Using these realized measures, we follow Bollerslev and Todorov (2011) to estimate the 
Time-of-Day (TOD) volatility pattern for each stock as: 

TODi
n ¼

N
PT

t¼1 jR
i
n;tj

2
IðjRi

n;tj≤ α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BVi

tÙRVi
t

p
N − ϖÞ

PT
t¼1
PN

n¼1 jR
i
n;tj

2
IðjRi

n;tj≤ α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BVi

tÙRVi
t

p
N − ϖÞ

; (A.2) 

where α¼ 3 and ϖ ¼ 0:49.30 Then, we compute the Hill estimator using the standardized 
returns for all stocks, but now with a constant threshold u as the returns are already in stan
dard deviation units. We set u¼ − 3:5, that is, the tail is defined as the stock returns falling 
below − 3:5 standard deviations of their respective day-t distributions.

Appendix B: Variables definitions                                
· Reversal (REV): following Jegadeesh (1990) and Lehmann (1990), the short-term reversal 

variable is defined as the weekly market return over the previous week from day t − 4 to 
day t. 

· Momentum (MOM): following Jegadeesh and Titman (1993), the momentum variable at 
the end of day t is defined as the compound gross market return from day t − 252 through 
day t − 21, skipping the short-term reversal month. 

· Variance Risk Premium (VRP): we compute the variance risk premium as a short position 
in a variance swap, namely, as the difference between risk-neutral and physical 

29  We consider the minimum ðÙÞ between the RVt and BVt as a finite-sample adjustment, since the asymptotic 
limit of BVi

t is always below that of RVi
t .

30  Figure A1 depicts the average time-of-day factor across all stocks in our sample, illustrating the well- 
documented U-shaped pattern in the average intra-day volatility.
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expectations of the variance of market returns (e.g., Bollerslev, Tauchen, and Zhou 2009; 
Bekaert and Hoerova 2014): 

VRPt ¼ VIX2
t − Et½RVtþ 1�;

where VIXt is the CBOE volatility index, and RVtþ1 is the out-of-sample forecast of the SPX re
alized variance measured over the next month. We obtain this measure from Marie 
Hoerova’s website.

· Maximum daily return (MAX): the MAX variable is defined as the largest total daily market 
return observed over the previous week (see Bali, Cakici, and Whitelaw 2011). 

· Minimum daily return (MIN): the MIN variable is defined as the smallest total daily market 
return observed over the previous week (see Bali, Cakici, and Whitelaw 2011). 

· Realized Variance (RV): the realized variance is defined as the sum of the intra-day squared 
returns (e.g., Andersen et al. 2001, 2003): 

RVt ¼
XN

n¼1
R2

t;n;

where Rt;n denotes the log-return on the S&P 500 index over the n-th intra-daily time inter
val on day t.

· Realized Skewness (RSK): the RSK is the ex post daily realized skewness based on intra- 
day market returns standardized by the realized variance (e.g., Amaya et al. 2015): 

RSKt ¼

ffiffiffi
N
p PN

n¼1 R3
t;n

RV3=2
t

:

· Realized Kurtosis (RKU): the RKU is the ex post daily realized kurtosis based on intra-day 
market returns standardized by the variance (e.g., Amaya et al. 2015): 

RKUt ¼
N
PN

n¼1 R4
t;n

RV2
t

:

· Jump Variation (JV): the jump variation is defined as the difference between the RV and a 
consistent measure of the integrated variance, such as the bipower variation (BV) of 
Barndorff-Nielsen and Shephard (2004): 

JVt ¼ maxðRVt − BVt; 0Þ;

where BVt ¼ π=2ðN=ðN − 1ÞÞ
PN

n¼2 jRt;njjRt;n − 1j.

· Left-Tail Volatility (LTV): the left tail volatility proposed by Bollerslev, Todorov, and Xu 
(2015) is an option-implied measure of short-horizon downside tail risk obtained from 
short-dated out-of-the-money put options. 

· Right-Tail Volatility (RTV): the right tail volatility proposed by Bollerslev, Todorov, and Xu 
(2015) is an option-implied measure of short-horizon upside tail risk obtained from short- 
dated out-of-the-money call options. 
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